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ABSTRACT 

NON-PERTURBATIVE STATES IN SUPERSTRING THEORIES 

Kwan-Leung Chan 
Mir jam Cvetic 

This thesis is devoted to the study of non-perturbative behavior of string the- 
ories. The study of non-perturbative states, that saturate the Bogomornyi-Prasad- 
Sommerfield (BPS) bound, constitutes the major part. The rest is on the phenomenol- 
ogy of the non-perturbative effects expected in string theories. 

I first reviewed the features of BPS-saturated states. Then, a study of a class of 
four- dimensional BPS-saturated black-hole solutions of toroidally compactified het- 
erotic string was presented. At the points of maximal symmetry of the two-torus 
moduli subspace, the dyonic black holes became massless. It led to the possibility of 
sup ersymmet ry enhancement . 

I explicitly constructed a large class of BPS-saturated states in toroidally com- 
pactified type II string theory next. They corresponded to orthogonally intersecting 
BPS-saturated states in ten dimensions. With Kaluza-Klein monopole, they had four 
charges and preserved | of the N — 8 supersymmetry. I found a simple map to asso- 
ciate each charge with the corresponding Killing spinor constraints. I also explicitly 
showed how the N — A supersymmetries of toroidally compactified heterotic string 
were embedded into the N — 8 supersymmetries of IIA superstring. 
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A particular kind of static, non-orthogonally intersecting and non-threshold BPS- 
saturated states of type II string theories in ten dimensions was then studied. They 
were parametrised by four independent charges with non-diagonal metrics. The met- 
rics could be diagonalized when one charge was removed. However, the components 
of the configurations still intersected non-orthogonally. 

I started the phenomenological study on the non-perturbative behavior of com- 
pactified string theories by investigating the effect of constant threshold corrections 
on static, non-extreme, and electrically charged dilatonic black holes. Closed form 
solution for the perturbed black holes was obtained. Then, I studied the cosmological 
and phenomenological implications of a non-perturbatively induced superpotential in 
N — 1 supergravity theory. I used gaugino condensation to fix the dilaton de- 
pendence, and T-duality to fix the moduli dependence. Without any fine tuning of 
parameters, I obtained a supersymmetric vacuum with zero cosmological constant, 
which could be relevant to the cosmological moduli problem in string theories. 
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Chapter 1 



Introduction 

The theme of this thesis is on the study of several aspects of non-perturbative states 
in string theories. The major part of this study focus on a special class of non- 
perturbative states, the Bogomol'nyi-Prasad-Sommerfield (BPS)-saturated states. I 
also discussed a few phenomenological aspects of the non-perturbative behavior of 
string theories. 

The very basic assumption of string theory is to replace the notion of a 'point' 
particle by a one-dimensional 'string' [|I|. The diameter of a string is around 10~^'^m. 
This assumption leads to renormalizable theories that incorporate (and predict) grav- 
ity consistently. Geometry of string interactions also minimizes the arbitrariness in 
constructing consistent theories. However, there are five consistent ten dimensional 
string theories, instead of one unifying theory p[ . 

The five string theories have clear distinction in their basic (perturbative) con- 
struction. The two type II theories consist only of closed oriented strings. Both have 
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N = 2 space-time supersymmetries. The two supersymmetries of the IIA string have 
different chirahties, whereas those of the JIB string have the same chirahty. The type 
I theory consists of both open and closed unoriented strings, with = 1 supersym- 
metry. It contains the gauge group SO (32). The corresponding charges attach to 
the ends of the open strings as Chan-Paton factors. The two heterotic strings also 
have = 1 space-time supersymmetry. The left (right) moving modes on both het- 
erotic strings are just the same as that in type II strings. The right (left) moving 
parts consist of conformal field theories which make the whole string theories con- 
sistent quantum mechanically. The right (left) moving part of the 5*0(32) heterotic 
string consists of world sheet fermions which provide the necessary operators to make 
the SO (32) supermultiplets. Similarly, the right (left) moving part of the Eg x Eg 
heterotic string allows the construction of the Eg x Eg supermultiplets. 



Recent discoveries have shown that the distinction between the five string theories 
is only an artifact of our perturbative consideration of the theories. Conjectures of 
dualities @-|ll| relate the string theories non-perturbatively. We have come to the 



conclusion that there exists an eleven dimensional unifying M-theory, putting the five 



string theories on a common footing |T2[ . The BPS states play a crucial role in these 
discoveries. Their non-perturbative nature and resistance of quantum corrections 
make them a necessary component for studying the non-perturbative behavior of 
string theories. 
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In this chapter, I shall explain the meaning of Bogomol'nyi bounds and BPS- 
saturated states in subsection (1.1). In subsection (1.2), I shall briefly describe various 
types of EPS-saturated states in string theories. I shall demonstrate the importance 
of the BPS states more explicitly by describing several duality conjectures of string 
theories in subsection (1.3). The role of BPS states would be emphasized. Finally, I 
shall give a brief overview of the following chapters. 



1.1 Bogomol'nyi bound-Saturated States 



I shall first study the definition of the Bogomol'nyi bound from the point of view 
of a non-supersymmetric field theory. In this context, some advantages of studying 
the states which saturate the bound shall be seen. These advantages remain in the 
super symmetric generalization, which will be discussed later in this section. 



I shall consider the one dimensional field theory with the energy functional |13 



E 



dx. 



1.11 



The solution for can be obtained by solving the corresponding Euler-Lagrange 
equations. These are second order differential equations. With the following boundary 
conditions: (hix) — F as x oo, and (hix) —F as x ^ — oo, one discovers the 



domain wall solutions for the theory (1.1) 



Another interesting way to solve the above problem is provided in [O]. We can 



rewrite (|1 . 1|) in the following suggestive form, 



E 



1 d(j) 

2 [dx 



ax 



dx. 



;i.2) 



Targeting at the domain wall solution, we make use of the boundary conditions right 
away and simphfy (|L2|) as follows, 



dx 



dx. 



;i.3) 



where Q = </'(oo) — (/)(— oo) is the topological charge, and is equal to 2F in the above 



case. 



From ( |1.3D , we see that the minimum energy of the solution is, 

E>^-^F^\Q\. 



;i-4) 



The corresponding solution for (j) satisfies a first order equation and makes the square 
bracket in the second term of 01.31) vanishes. 



Therefore by rewriting the original energy functional (|1.1|) into the form (|1.2| ), we 
discover the following: (1) the energy of the state is proportional to the topological 
charge, (2) the minimum energy is determined even before any differential equations 
are solved, (3) only first order differential equations have to be solved, and (4) the 
stability of the solution is guaranteed as the energy functional is bounded from below. 
This lower bound of the energy is called the Bogomol'nyi bound. The advantages (1) 
to (4) remain in the supersymmetric generalization. 



Advantage (3) suggests that the differential equations determining the states which 
saturate the Bogomol'nyi bounds are integrable. Actually, a large class of supersym- 
metric black hole solutions for type II supergravity compactified on a six torus is 
explicitly found in Chapter 3. The set of coupled differential equations is indeed 
completely integrable and they are all first order. 



In [jTj], the exact classical solution for the theory with SU{2) fields coupled to an 
SU (2) Higgs field was found. The solution described dyons with both magnetic and 
electric charges. The corresponding mass saturated the Bogomol'nyi bound. States 
which saturate the Bogomol'nyi bound (often with supersymmetric theory) are called 
the Bogomol'nyi-Prasad-Sommerfield (BPS) states. 

I now consider the supersymmetric generalization of the Bogomol'nyi bound. Fol- 
lowing [|T5|, I study the four dimensional N = 2 super Yang-Mills theory, 



+ \g^Tr[A, B] [A, B] + Uge^.Tr W]A + i,W]b)], (1.5) 



where '^iii = 1,2 are two Majorana fermions, A and B are scalar and pseudoscalar 
fields in the adjoint representation of the gauge group respectively. 

I choose 0(3) to be the gauge group. I assume a non-zero vacuum expectation 
value for A, but set the vev of B to zero. The non-zero vev of A spontaneously breaks 
0(3) to U{1). The electric and magnetic charges associated with the unbroken U{1) 
shall determine the supersymmetric Bogomol'nyi bound. 
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The supersymmetry charges Qai, ^ = 1, 2 satisfy the algebra, 

{Qa^, QpA = h^pPl. + {^apU + {^,)apV) . (1.6) 

where 

U = j d^xdiiA^F^^, 

V = j d^xd.iA^^e.^.Ff^). (1.7) 

If there are no sohtons in the theory, U and V are identically zero and the algebra ( |1.6| ) 
reduces to the ordinary supersymmetry algebra without central charges. However, 
we can reasonably expect to have electric and magnetic charges associated with the 
unbroken f/(l) in the theory ( |1.5|) . The electric charge e and the magnetic charge 
g are equal to and respectively. Therefore, from ( [L6|) , the mass M of a 
particle satisfies the equality 

M><A> ^e^ + c/2. (1.8) 

The lower bound of the mass is the supersymmetric version of the Bogomol'nyi bound. 

Some important properties of the states which saturate the supersymmetrized Bo- 
gomol'nyi bound can be seen from the algebra ( [1.6|) . The bound is saturated when 
the matrix {Qai-,Qpj\ has zero eigenvalue (s). Therefore the states saturating the 
Bogomol'nyi bound is supersymmetric. As some linear combinations of Qai vanish 
(when sandwiched between the corresponding quantum states), the states that satu- 
rate the bound must form a representation of the supersymmetry algebra with smaller 



dimension. In fact, they form a four dimensional representation in the theory (|1.5| ), 
instead of the 16 dimensional representation for the states which do not saturate the 
bound . 



An important property of BPS states follows: the mass spectra of the BPS states 
are equal to their classical values and receive no quantum corrections irrespective of 
the size of the coupling constant in the theory. The reason is that the dimensionality 
of the representation of the BPS states cannot be changed by quantum effects. 

In string theories, the compactified theories often have more than = 1 su- 
persymmetry. Therefore they can have BPS states which break a fraction of the 
super symmetry, and belong to representations of the supersymmetry algebra with 
various dimensions. For example, the toroidally compactified type II supergravities 
have N = 8 supersymmetry in four dimensions. The BPS states which preserve | 
of the supersymmetry belong to the ultra-short (16^ dimensional) multiplet. Those 
that preserve | supersymmetry belong to the short (16^ dimensional) multiplet. 



1.2 BPS states in string theories and 11 dimensional supergravity 

In this section, I shall describe a few important BPS states in string theories and 
the eleven dimensional supergravity. A brief review of some properties of these BPS 
states would help us appreciate more the work reported in the following chapters. 
The BPS states that I am going to describe are the fundamental string, the soli- 



tonic five brane, the Kaluza-Klein monopole, and the D-branes in various string 
theories, and also the membrane and five-brane in eleven dimensional supergravity. 
Q They all preserve | of the supersymmetry of the original theory. It is important 
to note that even though the underlying theory we are going to consider may only 
have = 1 supersymmetry, the Bogomol'nyi bound still exists because of the special 



geometry of the soliton solution in ten dimensions . 



The Fundamental String 

The ten dimensional bosonic sector of the 3- form version of the N = 1 supergravity 
theory is common to the effective low energy limit of all the five superstring theories, 

hoistrzng) = \ j S'x^g (r - \{d<pf - ^e'^if^) , (1.9) 

where (f) is the dilaton, and -ff^jyp is the three-form field strength of the anti-symmetric 
tensor B^j^y. It admits macroscopic string states as singular solutions [l^ [|l^ |. The 
singular behavior means that the macroscopic string states should be considered as a 
source term in the theory, 

^2 = -T2 I d\ Qy^^y^a.X^a.X V/^et + ^e'^diX^d.X^'BMN) , (1.10) 



review of the status of solitons in superstring theory, with a comprehensive list of reference 
on the subject is given in |l7|| . 

^In the macroscopic string is considered as a solution of supergravity super- Yang-Mills 

theory, i.e., effective theory of hcterotic strings. The same conclusion can be extended directly to 
the other string theories. 



where 7 is the world sheet metric. It describes the couphng of a string to the metric, 
the antisymmetric tensor and the dilaton. The supergravity theory therefore consists 
of two pieces S = Iio + S2 0. 

This solution admits Killing spinors in the theory, and as such can be regarded 
as a supersymmetric bosonic background. The ADM mass per unit length M of the 
macroscopic string saturates the corresponding Bogomol'nyi bound, as expected from 
super symmetry. The Bogomol'nyi-type inequality is: M > \Z\, where Z is given by 
the integral of the dual of the three form H over a seven-sphere at infinity. 

The fundamental string has been described only as a solution of string theories 
up to lowest order in a'. It was argued in [|I9] that the features of the solution should 
persist to all orders in a' . In other words, there should exist superconformal field 
theories describing the fundamental string solution. 

The fundamental string solution is required by U-duality to be identified with the 



solitonic string pO[ that fills up the U-duality multiplet. This is consistent with the 



suggestion that the four dimensional heterotic string should be identified as an axion 



string 21 



The Solitonic Five-brane 

The fundamental string carries a Noether electric charge Z, and is singular right 

at the location of the string. It acts as a source in the original theory. There is also a 

■^The metric of the fundamental string can be obtained by double dimensional reduction of the 
supermembrane in eleven dimensional supergravity, to be discussed shortly. 
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solitonic five-brane solution to the theory without any source term, i.e., only Iiq 



from ( |1.9| ) is involved. The five-brane is non-singular and carries a topological mag- 
netic charge. It is closely associated with the fact that with the five-brane solution, 
the 3-form field strength if is a harmonic form and cannot be written globally as the 
curl of the antisymmetric field B^^, though it still satisfies the Bianchi identity. 

The mass per unit 5-volume of the solitonic five-brane saturates a Bogomol'nyi- 
type bound, and is directly proportional to the magnetic charge it carries. It is 
supersymmetry, i.e., the solution admits Killing spinors. The electric charge of the 
fundamental string and the magnetic charge of the solitonic five-brane satisfies a 
generalization of the Dirac quantization rule ||22| . 



The metric of the five-brane, the three-form field strength, and the dilaton are, 
respectively, 

ds' = (1 + '^)-y\,dx^dx-' + (1 + '^fH^^dy^^dy^ (1.11) 

H = 2he3, (1.12) 



e^' = l + % (1.13) 



where fcg = i^de/V^^s with k, fia being the ten dimensional Planck mass and the 
volume of the unit 3-sphere. r, qq, and es are the transverse distance, magnetic charge, 

and the volume form of S^, respectively. 

''That hints at a string/five-brane duahty, in analogy with the electric/magnetic duahty in = 4 
supersymmetric guage theory. I shall not discuss this particular duality as it would involve the 
fundamental five-brane 1231. 
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A five-brane supersymmetric solution to the effective heterotic supergravity was 
found in p3 . It differs from the five-brane sohton discussed above by having a Yang- 



Mills instanton core. It is shown in [|I7| that it is an exact solution in string theory, i.e., 



receives no a.' corrections, by explicitly writting down the corresponding conformal 
field theory. 

The Kaluza-Klein Monopole 

The Einstein-Hilbert action in five dimensions reduces to a theory of four dimen- 
sional gravity with a f/(l) gauge symmetry coupled to a Brans-Dicke type massless 
scalar field (V^) when the five dimensional theory is compactified on a circle, 

S = J^J d'x^^V'/^ + IVF.^F'^^) . (1.14) 

Such a theory admits solitonic solutions |2^. Among them is the magnetic 
monopole. It is regular, static and stable. Due to the repulsive interaction of the 
massless Brans-Dicke type scalar, these monopoles virtually exert no newtonian force 
on slowly moving test particles and seem as if they have no gravitational mass. 

Embedding the Kaluza-Klein monopole solutions to the ten dimensional super- 
gravities which are the effective superstring theories [0, these solutions can be con- 
sidered as consisting of the product of a self-dual Taub-NUT instanton with topology 
7?.^, a five-torus and a time-like TZ. As this is the product of a five-metric and a five- 
torus, we can regard it as a five-brane solution of the ten dimensional theory wrapped 
on the five-torus. 
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As for the exactness (with respect to a' correction) of the monopole solution, we 
have to notice that the Kaluza-Klein monopole solution is just a special case of the 
four parameter solution discussed in pB|. That four parameter solution corresponds 



to a ten dimensional background which defines a conformal sigma model and is a 
particular case of a chiral null model with curved transverse part. The general theory 
about supersymmetric dyonic black holes in Kaluza-Klein theory compactified on 



a torus with various dimensions was studied in [^. The magnetic Kaluza-Klein 
monopole is a special case in the class of solution discussed in that paper, and it must 
be supersymmetric. 

D-brane 

The last non-perturbative BPS states in superstring theories we are interested in 



are the D-branes 28 



Consider adding open strings to type II closed superstring theories. The two 
dimensional superstring world sheet action allows us to impose an arbitrary number 
{p+ 1) of Neumann boundary conditions and a number (9 — p) of Dirichlet boundary 
conditions on the open strings. Consequently, the end points of the open strings live on 
a (p+1) dimensional hyperplane, called the D-brane. Closed strings still propagate in 
the 10 dimensional space-time, and interact with the hyperplane through interaction 
with the open strings, thereby making the D-brane dynamical. Such a theory with 
open and closed strings and a D-brane is consistent as long as p is even in IIA theory. 
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and odd in IIB theory. 

The open string boundary conditions on the D-brane correlate the N = 2 su- 
persymmetries of the closed string theories, thereby reducing the supersymmetry to 

= 1. Thus the D-brane is a BPS state. The world- volume theory of a D-p-brane 
consists of the coupling between the brane and the corresponding Ramond-Ramond 
p + 1-form potential, a U{1) vector field, and (9 — p) scalar fields which describe the 
fluctuations of the brane. 

It was shown in that D-branes are Ramond-Ramond charge carriers for type 
II superstring theories. The electric charge carried by a D-p-brane (a D-brane with p 
spatial dimensions) and the magnetic charge carried by a D-p'-brane with {p + p' = 
6) satisfy the Dirac quantization condition with one unit of quanta. This strongly 
suggests that the D-branes are intrinsic to any non-perturbative formulation of the 
type II string theories, though I said I 'add' open strings to the closed string theories 
at the beginning . 

One can hardly underestimate the importance of the fact that D-branes are 
Ramond-Ramond charge carriers. There is no perturbative object in string theo- 
ries that carries Ramond-Ramond charges. Perturbative objects only carries Neveu- 
Schwarz-Neveu-Schwarz charges. Only the field strengths, instead of the gauge po- 
tentials, of the Ramond-Ramond fields appear in the vertex operators which act on 

^The type I string also contains a D-l-brane and a D-5-brane. 
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the string Hilbert space. On the other hand, string duahty and the conjecture of the 
unifying eleven dimensional M-theory requires that no distinction should be made be- 
tween Neveu-Schwarz-Neveu-Schwarz and Ramond-Ramond charges. The D-branes 
are also interesting objects to be studied, as they have a simple and exact description 
in conformal field theory. 

Membrane and five-brane in 11 dimensional supergravity 

There is a lot of evidence to show that all the five superstring theories are just 
different perturbative expansions around different corners in the moduli space of the 
M-theory [|12]. The short distance degree of freedom of M-theory is conjectured in ^1 



to be described by the large limit of the supersymmetric matrix quantum mechan- 
ical system which had been used to study the small distance behavior of DO branes. 
The eleven dimensional supergravity |30] is the low energy and large distance limit of 
the M-theory. As such, the soliton solutions of the eleven dimensional supergravity 
bear much implications to the non-perturbative behavior of string theories. 

The bosonic field content of the = 1 eleven dimensional supergravity includes 
the metric and a three form field which is required by supersymmetry, 

where Fmnop is the field strength of the three- form field Auvw- The supermembrane 
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configuration (M-2-brane) solves exactly the field equations of the eleven dimensional 
supergravity. The corresponding metric and fields are, 

ds^ = (l + V.udx^dx" + (l + Smndy'^dy'', (1.16) 

where K = and k, T, ^Iy are the eleven dimensional Planck mass , tension of the 
membrane and the 7-volume respectively. The metric is singular on the worldvolume 
of the membrane, i.e., at r = where r is the transverse distance. That implies that 
the pure supergravity Sq is coupled to a source term in which the membrane itself 



interacts with the bosonic fields of the supergravity p2 



Sm = T j d\[ - lv^Y^9,X^^9,X^(7M7V + \^f=l 

+ y^''d,X'''d,X''duX''AMNp]. (1.18) 

Therefore the theory is S = Sq + Sm- The configuration is stabilized by Page charge 
33| of the eleven dimensional supergravity. It is supersymmetric, i.e., there exist 



Killing spinors for the configuration. It breaks 1 of the supersymmetry, and the mass 
per unit area saturate the corresponding Bogomol'nyi bound. 



There also exist the solitonic non-singular five-brane (M-5-brane) solution for 
the N = 1 eleven dimensional supergravity without any source term, i.e., only Sg 
is involved. It preserves half of the supersymmetry, and the mass per unit 5-volume 
saturates the corresponding Bogomol'nyi bound, which is directly proportional to the 
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magnetic charge of the five-brane. 

It should be noted that as there is no dual formulation of the = 1 eleven 
dimensional theory, the magnetic five-brane solutions cannot be obtained from the 
electric membrane by duality transformations (in contrast to the string/five-brane 
duality in type II string theories). 

1.3 BPS states and dualities 

I shall list some of the major evidences in dualities in this section. The role of the 
BPS states will be emphasized. 

U-duality 

The low energy effective theory of a type II string compactified on a six-torus is 
the four dimensional N = 8 supergravity |^0|- The equations of motion are invariant 



under the group Ej, which has SL{2,R) x 0(6,6) as the maximal subgroup. It was 
shown in that quantum effects break the group to a discrete subgroup Ei{Z), 



and so is its maximal subgroup. Evidences showing that the Ej{Z) symmetry, the 



U-duality group, is a symmetry of the full theory are investigated in pO|. 

The consistency of U-duality requires that there must be soliton states carrying 
exactly the same quantum numbers as the fundamental Bogomol'nyi (supersymmet- 
ric) states. That is because the fundamental string excitations include additional 
Bogomol'nyi states which apparently cannot be belong to the U-duality multiplets 
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with solitons, as the sohton multiplets are aheady complete (as shown by working 
out the mass formular). The BPS states we discussed in the previous section would 
be identified as the required states. 

We have to look for (28+28) soliton states, 28 electric and 28 magnetic, for con- 
sistency of U-duality. There are (12+12) solitonic states that carry Neveu-Schwarz- 
Neveu-Schwarz charges. There are 6 Kaluza-Klein (KK) monopoles accounting for 6 
of the 12 magnetic solitons. Each of these KK monopoles associates with one differ- 
ent toroidal direction. Another 6 magnetic solitons come from wrapping 6 solitonic 
five-branes on the six-torus. There are 6 different ways of wrapping. The 12 elec- 
tric solitons come from the fundamental strings. There are 6 winding modes of the 
fundamental string along the 6 different toroidal directions. The strings also have 
momentum in the 6 toroidal directions, giving rise to the source of the remaining 6 
electric charges. 

The remaining (16+16) solitons have Ramond-Ramond charges, and must be car- 
ried by the D-branes | . I should only consider the IIA string for simplicity. The 
D-O-brane gives one electric soliton. The D-2-branes give 15 electric solitons as there 
are 15 ways for the membrane to wrap around the six-torus. Therefore the D-O- 
brane and the D-2-branes provides the 16 Ramond-Ramond electric solitons. The 
D-4-branes give 15 magnetic solitons as there are 15 ways to wrap the 4-branes on 

^In the Ramond-Ramond charge carriers are considered to be black p-branes. The discovery 
of D-brane as Ramond-Ramond charge carriers [p9j further strengthens the arguments made in [pOj . 



the six-torus. Finally, the D-6-brane wraps on the six-torus to give the final magnetic 
soltion. Therefore the D-4-branes and the D-6-brane provide the 16 Ramond-Ramond 
magnetic solitons. 

M/IIA Duality 

We should see how the various BPS states in ten dimensional string theories help 
discover the hidden eleventh dimension of the underlying M-theory. 

The D-O-brane of type IIA string theory has mass proportional to j where 



A is the coupling of the theory. The bound states of them provide infinitely 
many states with mass M = with n an integer. They carry the corresponding 
amount of Ramond-Ramond charges. As the D-branes are BPS states, we may go to 
the strong coupling limit where these states become light and contribute to the low 
energy behavior. A theory with these kinds of particles cannot be a local field theory 
in ten dimensions [Q. 

However, we can reproduce the spectrum by considering the strong coupling limit 
of IIA theory (with the D-O-branes) as an eleven dimensional theory on R^^ x S^, and 
that the radius of the circle scales as j. The Ramond-Ramond charge of the bound 
states of the D-O-branes would be identified as the electric charge associated with the 
Kaluza-Klein U{1) gauge field of the eleventh dimension. 

We may also use the BPS states to see the eleventh dimension in the weakly- 
coupled theory. The weakly-coupled IIA string can be obtained by wrapping the 
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supermembrane around the circle (with radius r) in the eleven dimensional super- 
gravity theory in the limit r — . The Green-Schwarz action of the string follows 
from the Green-Schwarz action of the supermembrane. 

M/IIB Duality 

The M-theory compactified on a two-torus (T^) should be dual to the IIB string 
compactified on a circle (5"^), as required by the T-duahty of IIA/IIB theories |Q 
and the fact that the strong coupling limit of IIA string is M-theory 'compactified' on 
a large circle. The matching of the corresponding p-branes in nine dimensions provide 



a consistency check |39l]. In other words, it is precisely due to these BPS states that 
make the M/IIB duality possible. 

The 0-branes in the nine dimensional theory come from wrapping the M-2-branes 
on from M-theory perspective, while from the perspective of the IIB theory, they 
come from wrapping the D-l-brane Q on S^. The winding modes of IIB strings are 
identified with the Kaluza-Klein (KK) modes of T^, while the KK modes of are 
identified with the winding modes of the M-2-brane on T^. Such a matching implies 
the relation ~ ^ai^'^, where is the circumference of 5^, and Am is the area of 
T^. Therefore if one lets — > while holding the shape of fixed (which is related 
to the IIB coupling), one ends up with the eleven dimensional M-theory. Clearly one 



^Thc fundamental string and the D-l-brane in IIB theory are related by an SL{2, Z) symmetry 
of the IIB theory Bcl]. 
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can recover the ten dimensional IIB theory from compactified M-theory the other 
way around Q. 

Similarly, wrapping M-2-brane on one toroidal direction gives nine dimensional 
1-brane, which is the D-l-brane in IIB without wrapping. The M-2-brane gives the 
nine dimensional 2-brane when it does not wrap on the torus while D-3-brane in 
IIB can wrap on to give the same 2-brane. The M-5-brane can wrap on the 
torus, or just on one of the toroidal directions. That gives the nine dimensional 
3-brane and 4-brane. The same nine dimensional branes can be obtained from the 
IIB theory by the D-3-branes and the D-5-brane wrapped on 5*^ respectively. As 
for the nine dimensional 5-branes, they originate from the unwrapped M-5-brane. 
They correspond to the unwrapped KK 5-brane of the IIB theory (compare with the 
discussion on KK monopole in the previous section). The SL{2, Z) family of 5-branes 
(mixing up solitonic five-brane and the D-5-brane) of the IIB theory corresponds to 
the KK 5-branes of the M-theory. 

M/Heterotic Duality 

It is conjectured that M-theory compactified on an interval /Z2 is the strong 
coupling limit of the x heterotic string |Q. Evidences include the vanishing 

of space-time gravitational anomalies, the strong coupling behavior of the string, and 

^The M-theory relates IIA string by double dimensional reduction, while it relates IIB string 
through the two-torus and IIB is recovered only by shrinking the torus with specific shape. A more 
natural proposal to understand the IIB theory, in particular the SL{2, Z) symmetry, is F-theory 

0- 
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the vanishing of the world-volume gravitational anomalies. We can use the BPS states 
in the heterotic theory and that in the M-theory to describe the above conjecture as 
a consistency check. 

The heterotic Eg x Eg theory contains a fundamental string (the heterotic string 



21| ) and a solitonic five-brane. As the compactified eleven dimensional space on an 
interval is equivalent to two parallel ten dimensional boundaries seperated by the line 
interval, the closed heterotic string must be a cylindrical M-2-brane with one bound- 



ary attached to each boundary of the space-time |^3| from the eleven dimensional 
perspective. There is one Eg gauge group on each boundary. The weakly-coupling 
limit of the theory, i.e., the perturbative ten dimensional Eg x Eg heterotic theory 
corresponds to a short cylinder with large radius. 

On the other hand, the solitonic 5-brane of the heterotic theory must exist as 
a closed surface in either boundary. From the M-theory perspective, it is just the 
M-5-brane. 

Some explicit relations between the two theories can be obtained by brane match- 
ing calculations like the M/IIB case. Let Li,L2 be the height and circumference of 
the cylinder used to compactified M-theory to nine dimensions. Let Lq be the cir- 
cumference of the circle on which the heterotic string is compactified. One finds that 
the heterotic coupling (Xh) is given by Li/L^. Thus the strong coupling limit occurs 
when the cylinder is long. We also finds Lq ~ (^1^2)^^''^. Therefore the uncompacti- 
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fied heterotic theory is obtained by shrinking the cyhnder to a point while keeping its 
shape fixed. We also see that diffeomorphism in eleven dimensions (i.e., Li ^ L2) im- 
plies strong/weak duality transformation of the S'0(32) (in nine dimensions) theory 
that relates the weakly-coupled heterotic limit to the strongly-coupled type I limit. 



1.4 A brief overview 



Having discussed the importance of BPS states in the previous sections, I shall begin 



with the BPS states for heterotic string |45] in Chapter 2. There we shall see that 



along the moduli space, some BPS states become massless at special point of the 
moduli space. These lead to symetry enhancement, and the speculated supersymme- 
try enhancement. 



In Chapter 3, the study is extended to type IIA superstring theory . The BPS 
states are found by explicitly solving Killing spinor equations. 

The black hole solutions obtained in Chapter 3 have higher dimensional interpre- 
tation. They are 10 dimensional objects intersect orthogonally. In Chapter 4, a class 
of 10 dimensional non-perturbative states corresponding to non-orthogonal intersec- 
tion of various string objects are studied. They are obtained by performing duality 
transformations on the supergravity solutions obtained from the chiral null model. 



^Another very important reason for studying BPS states is to investigate quantum mechanics 
in Black Hole physics. A report on the investigation concerning the relation between the canonical 
entropy of black holes and string degrees of freedom, together with a list of important references can 
be found in Hi . 
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I studied the phenomenological implications of non-perturbative states in string 
theories in Chapter 5 and 6. They are two studies on threshold corrections. They 
describe the non-perturbative effects of the moduli field which specify the compact- 
ification scale of the superstring theories. In Chapter 5, I study the effect of a con- 



stant threshold correction to an electric dilatonic-Maxwell-Eintein black hole In 
Chapter 6, I study the implications of an effective superpotential with non-trivial 
dependence on the dilaton and the moduli in a = 1 supergravity theory. 



Chapter 2 



Massless BPS states of Heterotic String 



2.1 Introduction and Summary 



As emphasized in Chapter 1, BPS-saturated states of string theories provide a fruitful 
ground to address non-perturbative aspects of string theory. In addition to their im- 
portance in estabhshing duahty conjectures as described in Chapter 1, the BPS states 
of four- dimensional, toroidally compactified heterotic string theory include regular so- 
lutions, i.e., those with regular horizons, may shed light on quantum aspects of black 



hole physics, e.g., on statistical interpretation of black hole entropy Those 



that can become massless[50, 51, 52| at certain points of moduli space may shed 



light on the nature of enhanced symmetries [53, 51 1 at special points of moduli space. 



Since the effective theory possessed = 4 super symmetry, the ADM mass for these 
BPS-saturated states is protected from quantum corrections. In principle, one should 
be able to trust the BPS mass formula even in the case where quantized charges are 
of 0(1). 
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In this Chapter, I report on a study of massless BPS-saturated states. In particu- 
lar, I identify the (quantized) charge vectors and the points (lines, hyper-surfaces) in 
the moduh space for which the BPS-saturated states become massless. For the sake 
of simplicity I confine this study to the two-torus (T^) moduli sub-space. Q 

What I found is that within a four-dimensional, toroidally compactified heterotic 
string, I identify (quantized) charge vectors of electrically charged BPS-saturated 
states (along with the tower of SL{2,Z) related dyonic states), which preserve | of 
iV = 4 supersymmetry and become massless along the hyper-surfaces of enhanced 
gauge symmetry of the two-torus moduli sub-space. In addition, I identify charge 
vectors of the dyonic BPS-saturated states (along with the tower of SL{2, Z) related 
states), which preserve ^ of = 4 supersymmetry, and become massless at two points 
with the maximal gauge symmetry enhancement. 

2.2 BPS states in heterotic string on a six-torus 

The explicit form of the generating solution for all the static, spherically symmetric 
BPS-saturated states in this class has been obtained in | The generating 



solution is specified by five (electric and magnetic) charges of the two U{l)a,h Kaluza- 

Klein and two t/(l)c,d two-form fields associated with the two, say the first two, 

-'^The work generalizes that of where the case of the two-chcle ((iS'^)^)-nioduh sub-space was 
addressed. 

^In Ref. also all the non-extreme solutions were obtained. In Ref. |^ it was shown that 
BPS-saturated generating solution is an exact target-space background solution of a conformal a- 
model. 
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(toroidally) compactified dimensions. The most general BPS-saturated state in this 
class is parameterized by unconstrained 28 electric and 28 magnetic charges and is 
obtained by applying a subset of T-duality and S'-duality transformations, which do 
not affect the four- dimensional space-time, on the generating solution. 

The ADM mass for these states (BPS mass formula), which in general preserve 
only ^ of supersymmetry, is specified ||55| , ^ , in terms of 28 electric and 28 magnetic 



charges. For the purpose of studying the moduli (and the dilaton-axion) dependence 



of the BPS mass formula [p5|, ^ I rewrite it in terms of conserved magnetic (/3) and 



electric (a) charge vectors 



Mips = \e-''^'-^m^ + le^^'-a ^mdi + [0^ hr^){oF ^Ra) - ^af] ' , (2.1) 
where 

5 = a + ^oo/3, ^iR,L = M^±L. (2.2) 

The charge vectors a and (3 are related to the physical magnetic P and electric Q 
charges in the following way: 

V2P, = LijPj , V2Qi = e2*°°M,,oo(«, + ^^f3,), (z = 1, ■ ■ ■ , 28) (2.3) 

where the subscript oo refers to the asymptotic (r —>■ oo) value of the corresponding 
fields. Here, the moduli matrix M and the dilaton-axion field S" = \E' + ie"^"^, trans- 
form covariantly (along with the corresponding charge vectors) under the T- duality 
I use the notation and conventions, as specified in Refs. p3, following e.g., Ref. p7|, p|. 
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(0(6,22, Z)) and S'-duality {SL{2, Z)s), respectively, while the BPS mass formula 
( p.l| ) remains invariant under these transformations. 



Note that when the magnetic and electric charges are parallel in the 0(6, 22) sense, 
i.e., P (X a (in the quantized theory the lattice charge vectors should be relative co- 
primes P]), the BPS mass formula (|2.1| ) is that of the BPS-saturated states which 
preserve | of iV = 4 supersymmetry (see, e.g., P). In the case when the magnetic 
and electric charges are not parallel, the mass is larger (the last term in ( |2.1| ) is non- 
zero) and the configurations preserve only ^ of = 4 supersymmetry Note that 



states preserving ^ of = 4 supersymmetry belong to the vector super-multiplets, 
while those preserving ^ of N = 4 supersymmetry belong to the highest spin |- 
supermultiplets Thus, when the former [latter] states become massless they 



may contribute to the enhancement of gauge symmetry |)53|| [supersymmetry . 



2.3 Massless BPS states 

I shall discuss the massless BPS states in this section. 

In the quantum theory the charge vectors a, (3 are quantized. Following 0, one 
may attempt to constrain the allowed lattice charge vectors by using the constraints 
for the elementary BPS-saturated string states of toroidally compactified heterotic 
string, along with the Dirac-Schwinger-Zwanziger-Witten (DSZW) ||BD| quantization 
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condition.^ Purely electric BPS-saturated states = 0) preserve | of = 4 su- 



persymmetry and have the same quantum numbers I^I], ^ as the elementary BPS- 
saturated string states with no excitations in the right-moving sector {Nr = i). For 
the electric states the quantized charge vector a is then constrained to lie on an even 
self-dual lattice Aq^22 with the following norm (in the 0(6,22) sense) 

a'^La = 2Nl -2 = -2,0,2,... , (2.4) 

where the integer Nl parameterizes the level of the left-moving sector. 

The DSZW charge quantization condition then implies an analogous constraint for 
P'^LP; magnetic charge vectors /5 are then constrained p to he on an even self-dual 
lattice Ag 22 with the norm 

(3'^L(3 = 2Nl-2 = -2,0,2,... . (2.5) 

Since I confine the analysis to the two-torus moduli sub-space , the T-duality group 
reduces to 0(2, 2). Then only the 0(2, 2) part of the symmetric moduli metric M is 
non-trivial and of the form: 

M=\ ' ^ = (2-6) 

V-fi^G-i G + B^G-^Bj Oj 

where G = [Gmn] {{rn,n) = 1,2), B = B^ are the four moduli of the two-torus and 
L is an 0(2, 2) invariant matrix. 



^In Ref. p9| the charge quantization for the generating solution is imphed by considering the 
conformal field theory describing the throat region of the corresponding string solution. 
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The four moduli fields can be expressed in terms of two complex fields T and U, 
(see, e.g., and references therein): 



T^Vg + ^B, u^y^^^^ (2.7) 

Gil 

where Q = det(Gmn)- The T and U fields transform covariantly under PSL{2, Z)t 
and PSL{2, Z)jj, respectively, i.e., the subgroups of the duality group 0(2, 2, Z) = 
PSL{2,Z)j, X PSL{2,Z)^ X Z2t^u 



In order to address massless BPS states which preserve ^ of supersymmetry, I first 
concentrate on purely electrically charged configurations {(3 = 0) with the electric 
lattice charge vector a = {aa, ab] ^c, ctd) whose norm is: 

a'^La = -2. (2.8) 



Namely, only the states with the electric charge norm (2^) can become massless [p3| 



along the lines (hyper-surfaces) of moduli space for which: 

a'^fiRa = 0. (2.9) 

It turns out that ( |2.9|) is satisfied along the following hyper-surfaces, along with the 
following accompanying electric charge vectors a:Q 

C,:U = T^ (Gil, G22, Gu, B) = (1, G22, ~B, B); d = \i± = ±(1, 0, -1, 0), 

(2.10) 



^In the following wc suppress the subscript 00 for the asymptotic values of the moduli fields. 



30 



A : C/ = ^ ^ (Cn, G22, ^12, B) = (Gn, 1, B, B); a = A2± = ±(0, 1, 0, -1), 

(2.11) 

Cs:U = T-i^ (Gn, G22, G12, B) = (1, G22, l-B^B); a^Xs± = ±(1, 1, -1, 0), 

(2.12) 

jC,:U= ^ (Gn, G22, G12, B) = (Gn, -1 + 2S + Gn, -1 + S + Gn, S); 

a = A4± = ±(l, 0,-1,1), (2.13) 

Those are the same four hype-surfaces of the two-torus moduh sub-space (in the 
fundamental domain), for which the gauge symmetry of toroidally compactified het- 
erotic string is enhanced due to the Halpern-Frenkel-Kac mechanism, i.e., those are 
the hyper-surfaces where the perturbative string states (with Nr — \), which have the 
same quantum numbers as electrically charged BPS-saturated states, become mass- 
less. Thus, on the heterotic side these electrically charged BPS-states are identified 
with the elementary string excitations. 

Along each of the hyper-surfaces >Ci,2,3,4 these electrically charged massless BPS- 
saturated states, which are scalar components of the vector super-multiplets, con- 
tribute to the enhancement of the gauge symmetry from \U{l)a x C/(l)& x U{l)c x 
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U{l)d] (at generic points of moduli space) to [U{l)b x U{l)d x U{l)a+c x SU{2)a-c], 

[U{l)a X f/(l), X U{l)t+d X SU{2),^d], [U{l)d X U{l)a+c X f/(l)a-26-c X Sf/(2)„+,_J 

and [U{l)b X t/(l)a+c x U{l)a-c-2d X ^f/(2)„_c+d], respectively. 

At the point U = T = 1, i.e., (Gn, 6*22, ^12, -B) = (1,1,0,0) (the self-dual point 
of the two-circle), Ci and C2 nieet and the enhanced gauge symmetry is [U{l)a+c x 
U{l)t+d^SU{2)a-cy<SU{2),_d]. At the point T = t/* =e^t, z.e., (Gn, ^22, G12, 5) = 
(1,1, |,i), -^3 and £4 meet and the enhanced gauge symmetry is [U{l)a+c x 
U{l)a-2b-c-2d X SU {3)b-d,2a+b-2c+d]- Here the subscript(s) for the non-Abehan gauge 
factors {SU{2), SU (3)) denote the linear combinations of the Abelian generators that 
determine the diagonal generator (s) of the non- Abelian factors. 

Due to the SL{2, Z)s symmetry, along with each of the charge vectors a (as 
specified in (|2.10|) - (|2.13|) ), there is a tower of dyonic configurations (including the Z2 
related purely magnetic states) with pf3 = qa, where p and q are the relative co-primes 
0]. These dyonic configurations become massless at the same points of moduli space 
as purely electric configurations. 

I now address massless dyonic states whose electric and magnetic charge vectors 
are not parallel. These states only preserve | of = 4 supersymmetry. The necessary 
condition for them to become massless is that both the electric and the magnetic 
charge vector norms satisfy: 

a'^La = -2, /3^L/3 = -2. (2.14) 
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These BPS-saturated states become massless at the points of moduh space for which 
now the following three constraints are satisfied: 

oF ^roi = 0, hjiP = 0, (3^ fijid = 0, (2-15) 



By explicit calculation I found that the three constraints ( |2.15| ) are satisfied only at 
the following two points: 

T = U = 1, = (Ai±,A2±), (2.16) 

T = U*=e'^, (a,/3) = (Ai±,A,±), [(^, j) = 2, 3, 4, z<j]. (2.17) 

The charge assignments for the four massless dyonic BPS-saturated states ( |2.16| ) at 



the self-dual point of the two-circle were found in Ref . |ET| . At the point T = U* = e 



there are twelve massless dyonic BPS-saturated states (p.l7|) . In addition, there is 



an infinite SL{2, Z)s related tower of massless states (including the Z2 related states 
with electric and magnetic charge vectors in (|2.16|) and (|2.17|) interchanged). Since 



these states belong to the highest spin |-supermultiplet, they may contribute to the 
enhancement of supersymmetry there [| . Note that dyonic states ( |2.16| ) and ( p.l7[ ) 



are not in the perturbative spectrum of toroidally compactified heterotic string. 



2.4 Comments 



A few comments are in order. The discussed BPS-saturated states become massless 

at special points and hyper- surfaces of moduli space, regardless of the strength of 
^The possibility of getting supersymmetry enhancement is discussed in p3|. 
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the dilaton-axion couplmg.[] Note also that all the discussed states are singular four- 
dimensional solutions. Namely, for the solutions to be regular, i.e., with the (Einstein 
frame) event horizon, the norms of the lattice charge vectors have to satisfy the 



following constraints |49| : 



a^La>0, f3^L(3>0, {(3^Lp){d^La) - {p^Laf > 0. (2.18) 

Since the norms ( p.8|) , ( p.l4| ) of the massless BPS states are negative, all the above 
solutions are singular from the four- dimensional point of view. 

The above solutions were obtained as semi-classical solutions of the toroidally 
compactified heterotic string; they are parameterized in terms of classical bosonic 
fields of heterotic string and (quantized) lattice charge vectors, consistent with the 
heterotic string constraints and the DSZW quantization condition. It is important to 
address the stability of these configurations, as well as to identify these semi-classical 



solutions in terms of the D— brane[29| solutions of Type IIA string. 



^Note, that the BPS mass formula (2J) is semi-positive definite for any asymptotic value of the 
axion field "^oo- This result is due to the fact that the lattice vectors satisfy ^ro. > 0, 0^ > 0, 
and [a^ iiiia){(3^ iJLii0) — {f3'^ iiRa)'^ > everywhere in the moduli space. 



Chapter 3 



BPS states in type II superstrings 
3.1 Introduction 

In the previous chapter, I studied a special class of BPS states of the heterotic string. 
In this chapter, I shall systematically construct a large class of four dimensional 
supcrsymmetric black hole solutions of toroidally compactified type IIA superstring 
theory by explicitly solving Killing Spinor equations. They correspond to orthogonally 
intersecting configurations in ten dimensions. With the Kaluza-Klein monopole, they 
are parametrized by four charges and preserve | of the N — 8 supersymmetry. I shall 
find a simple map to associate each charge with the corresponding Killing spinor 
constraints. The embedding of the N — A supersymmetry of toroidally compactified 
heterotic string into the N — 8 supersymmetry of IIA superstring will be explicitly 
shown. I shall also find explicitly the configurations with only Ramond-Ramond 
charges, and those with both Neveu-Schwarz Neveu-Schwarz charges and Ramond- 
Ramond charges, including the dilaton and the internal metrics. The T-dual of these 

34 



35 

configurations shall be shown to satisfied the Killing spinor equations as well. 

As explained in the Introduction (Chapter 1), supersymmetric black hole solu- 
tions with masses saturating the corresponding Bogomol'nyi bounds are essential in 
understanding the non-perturbative aspects of string theories. They are necessary to 
establish the proposed non-perturbative duality conjectures [Q - |jTl[ [0 |^ of the 



five superstring theories, and also the unifying nature of the underlying M-theory [|T2|. 
These BPS-saturated states can also affect the low energy behaviour of the theories 
by becoming massless in special region of moduli space which parametrizes the un- 
derlying string vacua ||53| - ||6^ . That leads to gauge symmetry enhancement 



as well as supersymmetry enhancement. Furthermore, they provide a convenient 
background to study quantum gravity from the string perspective. In particular, 
the Bekenstein-Hawking entropies of certain four and five dimensional black holes 
of string theories were shown to match the corresponding degeneracy provided by 
microscopic string degree of freedom p4 |. 



Four dimensional black holes are of particular interest. Not only because our ob- 
servable world (with present technology) is four dimensional, there is the phenomena 
of having massless four dimensional black holes at maximally symmetrical point in 



the moduli space of the toroidally compactified heterotic string |^|70|-|7^. Further- 
more, it remains a challenging problem to work out the string degree of freedom in 
four dimensional black holes with Ramond-Ramond charges only and show explicitly 
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that it matches the expected thermodynamical entropies. 

Though the most general static spherically symmetric four dimensional black hole 
solutions of the effective supergravity of toroidally compactified heterotic string have 
been found in there is no systematic study on the four dimen- 



sional black hole solutions of toroidally compactified type II superstring theories. 
In addition to the black holes with four independent Neveu-Schwarz Neveu-Schwarz 
(NS-NS) charges like those of the heterotic string, there are type II black holes with 
Ramond-Ramond (RR) charges, and black holes with both NS-NS and RR charges. 
In |73|, eleven dimensional orthogonally intersecting configurations without Kaluza- 



Klein monopole were studied. Upon compactification they can lead to four dimen- 
sional black hole solutions with three charges only. The spinor constraints were shown 
for cases with only two charges. In ||7^, two black holes with four charges were ob- 
tained, but the spinor constrains were not shown [|. 

This Chapter is an attempt to fill in this gap. I shall find static spherically sym- 
metric four dimensional supersymmetric black hole solutions of the toroidally com- 
pactified type IIA superstring theory by explicitly solving the Killing spinor equations 
(KSEs). I will turn off all the scalar fields except the dilaton and the diagonal in- 
ternal metric elements. That amounts to restricting my study only to orthogonally 



"'^ There has been much progress in understanding non-orthogonally intersecting ten dimensional 
configurations (7^-|7^- They should lead to more general four dimensional configurations. My 
work on orthogonally intersecting configurations is only a step forward towards understanding four 
dimensional type II black holes. 



37 

intersecting configurations in ten dimensions. 

I start with the = 1 11 dimensional supergravity (SG) theory in Section (3.2). 
I compactify this supergravity theory on the seven-torus and obtain the 



effective four dimensional action. Then I express the same four dimensional action in 
terms of fields of the compactified type IIA superstring on the six-torus T^. The ten 
dimensional IIA supergravity is obtained by compactifying the A^ = 1 11 dimensional 
theory on a circle. The field redefinition rules that relate the four dimensional fields 
from SG on and IIA on are used in Section (3.3) to get the KSEs of IIA 
superstring from the KSEs of SG, which are obtained directly from the 11 dimensional 
gravitino transformation under supersymmetry. I shall put down a very simple set 
of rules for assigning a spinor constraint to each non-zero charge in Section (3.3.3). 
The spinor constraints determine the pattern of supersymmetry breaking. This set of 
supersymmetry breaking rules have been verified in all cases considered in this paper. 

In Section (3.4), I solved the KSEs obtained in Section (3.3). Only the NS-NS 
charges are turned on in Section (3.4.1). The spinor degree of freedom for the A^ = 4 
supersymmetry are carried by spinors which from 10 dimensional perspective involve 
both the left Killing spinor and the right Killing spinor of the N = 2 type IIA 



superstring theory. It is very different from the case of heterotic string . There 



all the Killing spinors originate from the same 10 dimensional spinor, which is the 



^In [|oj, same kind of black hole solutions were studied. However, only the special cases when 
either the Kaluza-Klein fields or the three- form fields of the underlying iV = 1 11 dimensional 
supergravity were turned on. The resulting black holes could only have two charges. 
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Killing spinor of the = 1 heterotic string. 

In Section (3.4.2), I solve the KSEs with RR charges only. A solution with charges 
U-dual to the NS-NS charges of the configuration found in Section (3.4.1) is explicitly 
obtained. It corresponds to two D-2-brane orthogoanlly intersecting two D-4-branes 
in ten dimensions. I show that the configurations T-dual to this solution are also 
solutions of the KSEs. One of these configurations corresponds to a D-O-brane coupled 
to the intersection of three intersecting D-4-branes |S^. The other configuration 



corresponds to a D-6-brane containing three intersecting D-2-branes. These classical 
configurations are composed of a large number of D-branes and provide a consistency 



check of the D-brane intersection rules |83], which are defined microscopically. 



In Section (3.4.3), I find solutions with both NS-NS charges and RR charges. The 
first solution that I explicitly obtain corresponds to a bound state of a D-2-brane, a 
D-4-brane, a gravitational wave running along the intersection of the D-branes, and a 
Kaluza-Klein monopole. I will also show that the configurations T-dual to the above 
configuration are also solutions of the KSEs. One of them corresponds to a bound 
state of a D-O-brane, a D-4-brane, a (winding) fundamental string lying orthogonally 
to the D-4-brane, and a Kaluza-Klein monopole. The monopole is supported on a 



direction orthogonal to both the D-4-brane and the fundamental string |8^. The 
other configuration corresponds to a bound state of a D-6-brane containing a D- 
2-brane which intersects a solitonic 5-brane, and a gravitational wave travelling on 
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the intersection |85[ [p6|. The patterns of supersymmetry breaking are especially 



interesting in this case and will be studied in detail. 

In all cases, the BPS-saturated states with three to four charges preserve N = 1 
supersymmetry, those with two charges preserve N = 2 supersymmetry, and those 
with only one charge preserve = 4 supersymmetry. Spinor constraints allow no 
more than four non-zero charges for the BPS-saturated states. 

3.2 Effective action from 11-d supergravity on in IIA language 

In this section, I derive the field redefinition rules between the 4d actions obtained 
from compactifying the N=l, d=ll SG on and that from N=2A, d=10 on T^. 
That can simplify the way to obtain KSEs of the compactified IIA superstring in 
Section III. Most material in this section has been described in |8^. This section is 



included here for the sake of completeness and for establishing notations. 

The bosonic Lagrangian density of the A = 1 11 dimensional supergravity (SG) 
is 13: 



r— P(ll)r-7?(11) I ^ p(ll) MAfPQ 8 Mi-Mii-p p A 1 

^ - l'^ +-^^MNPQ^ ~T2^ -rMi-M4-rM5-M8^Af9AfioMiiJ, 

(3.1) 

where i?^^^-* = deiE^^j^ ^ is the determinant of the Elfbein, T?-*^^^-* is the lid Ricci 
scalar, and F^inpq{= 4c?[Af^7VPQ]) ^e\d strength associated with the three- 
form field A^l^j^p. The metric signature is (H ■— ), and (A,!?,...), (M, A, ...) 
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denote flat and curved lid indices respectively. 

Dimensional reduction of the lid SG to 4d on is achieved by the standard 
Kaluza-Klein (KK) Ansatz for the Elfbein and a consistent truncation of the other lid 
fields. The field content of the resulting 4d theory includes the dilaton (p = \n det 
with e" being the 4d vierbein, 7 KK Abelian gauge fields 5^, 35 pseudo-scalars Aijk, 
21 pseudo- vectors A^ij and 7 two- forms The two-forms A^i^i are equivalent to 

(axionic) scalar fields (p^ after making duality transformation in four dimensions. In 
order to ensure that the fields ij and A^^, i are scalars under the internal coordinate 
transformation — x' * = + and transform as U{1) gauge fields under the 
gauge transformation: 6A^^^^p = OmCnp + QnCpm + dpC,MN, one have to define new 
canonical 4-d fields: 

^iiij = ~ B^L^kij, A'^^,- = A^^i — Bj^Aj„i — BlA^ji + Bj^B^Ajki- (3.2) 

The bosonic action ( ^.l] ) is reduced to the following effective 4-d action: 

^ = -\e[n - Id.^d'^^ + \d,g.,d^g^^ - g^,G^,^G^ + 9^' 9^' ,^F' + ■■■], 

(3.3) 

where TZ is the 4-d Ricci scalar. The Einstein-frame 4d metric is g^j^y = rjape^e^, 
and = d^Bl - dyB'^, F^^^^ = F'^^^j + G^j^Aj^fc. The dots (■ ■ ■) denote the terms 
involving the pseudo-scalars Aij^ and the two-form fields A^i,i. 

I am going to express the same Lagrangian (|3.3|) in terms of fields from toroidally 



compactified IIA supergravity. The zero slope limit of IIA lOd superstring theory 
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can be obtained by dimensional reduction of the lid SG on a circle M^. The 



field content of the resulting lOd theory include the lOd dilaton $(= | In (radius of 
the circle)) which is expected from NS-NS sector of the IIA superstring theory, the 
Zehnbein e^^°''", and a KK Abelian guage field -B^ corresponding to a one-form in RR 
sector 0. Here, the breve denotes the lOd space-time vector index. And the 3-form 
^MTVP is decomposed into Af^j^j^ and A^,>ii(= Afnj), with Af^pj^ being identified as a 
Ramond-Ramond (RR) 3-form and Af^^p the NS-NS 2-form. The lid bosonic action 



( p.l|) becomes the following lOd, N = 2 supergravity: 

C = Cns + Cr, (3.4) 

with 

Cns = -ie(l°)e-2*[7^ + 49^<l>9'^$-^F^,^F^^a 

111 

where 71 is the lOd string frame Ricci scalar, Ff^^^ = 3d[fiAj^^], Gf^u = 2d[fiBji], F'^^p^ = 
Ad[fi,Ai:,ps-\ — 4:F[fi_ijpBi^], and = ^/ii-/iioii_ 'jj^g ferminoic sector includes the 

Majorana gravitino ipf^ and the dilatino V'li- They originate from the lid gravitino 
ip'^^^ of SG, i.e., ijj'^lP = {ipji, ipii). Each of these spinors can be split into two 
Majorana- Weyl spinors with different chiralities. 

I dimensionally reduced the lOd IIA supergravity by using the well-known KK 



■^I do not assume a diagonal lid metric of the SG theory. I only assume a diagonal internal 
metric for the lOd superstring theory. 
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ansatz for the Zehnbein and truncate the theory consistently. As assumptions, I set all 
scalar fields except the lOd dilaton and the "internal" metric elements corresponding 
to the Sechsbein to zero. The field content of the resulting 4d theory includes the 
string frame 4d Vierbein e^, the 6d Sechsbein e^, the 4d NS-NS dilaton = $ — 
|lndet e'^ (parameterizing the string coupling), 6 NS-NS KK Abelian gauge fields 
(m = 1, ...,6), 6 NS-NS gauge fields A^^ originating from the lOd two-form NS-NS 
fields, one RR gauge field originating from the lOd RR one-form, and 15 RR gauge 
field Aij^jnn originating from the lOd RR three- form fields. It should be noted that as I 
have turned off the scalar fields associated with the lOd U{1) gauge field S^, i.e., the 
internal metric coefficients gm7 of the lid SG, the SO (7) symmetry among the 7 KK 
gauge fields and among the 21 three-form gauge fields of SG breaks down separately 
to the S0{6) symmetry, which do not mix the gauge fields of RR and NS-NS sectors. 
For the RR sector, the RR vector transforms as a singlet of SO (6), and the 15 gauge 
fields A^jjin transform as 15 antisymmetric representation of SO (6). For the NS-NS 
sector, the 6 KK gauge fields, as well as the 6 gauge fields A^n, transform as a 6 
vector representation of SO{6). 

The string-frame 4d bosonic action for IIA superstring is: 

- ^e[e-''f'{n + Ad,cj>d^cl> + ^d^g^nd^g"^'' - ^grnnG^^^^ 

+ le'^G^.G^^ + ^e'^rWM.mpi^'^g, (3.6) 

where a = IndeteJ^ (parameterizing the volume of 6-torus), gmn = Vab^m^ti ~ ~^m^rn 
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and G^j, = d^B^ — d^B^. Here, the field strengths F^^^, Gfiu and F^yrnn are for the 
6 NS-NS gauge fields, the RR gauge field originates from the lOd RR one-form, and 
the 15 RR gauge field originating from the lOd RR three-form fields, respectively. 
With the Weyl rescaling g^y — >• g^^ = e~'^'^g^y, I obtain the Einstein- frame action: 



\e'^G,yG^^ + VrV^F^.^pi^'^g, (3.7) 



where = y — det g^^, and TZ^ is the 4d Einstein-frame Ricci scalar defined in terms 
of the metric g^^^. 

By keeping track of the field decomposition and redefinitions and comparing the 
two different descriptions of the same 4d Lagrangian, i.e., one corresponding to lid 

lOd — > 4d (|3.7|) and the other corresponding to lid 4d ( |3.3| ), one can express 
the fields in the 4d action of lid SG in terms of those of IIA superstring. 



= B^ , B^ = B^, A^rnn — ^/im?i) ^Atm7 ~ ^/^rri) (3-8) 



where m, = 1, 6. Flat indices are hatted, and the bar on Sechsbein has been 



dropped. 
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3.3 Killing Spinor Equations 



The supersymmetry transformation of the gravitino field ip'^^^ of the N = 1 lid SG 
(before compactification) in a bosonic background is 



=DMe + ^(r^^^r, - 8r^«X/)i^^PQi^^, (3.9) 

where Dm£ = (<9j\/ + \VLmab^^^) ^ is the gravitational covariant derivative on the 
spinor e, and VLabc = -^ab,c + ^bc,a - ^ca,b {^ab,c = ^fi^^^^By^^^A^^Mc) is 
the spin connection defined in terms of the Elfbein. The gravitino transformation 
( p.9|) expressed in terms of 4d canonical fields obtained by compactifying SG directly 
on are 



+\e'gknG],^r^e (3.10) 



where dip^ = 5ip^ — B^6ipm, spin-connection defined in terms of the 

Vierbein and [a ■ ■ ■ b] denotes antisymmetrization of the corresponding indices. 
For the lid gamma matrices, which satisfy the 5*0(1, 10) Clifford algebra {T^, T^} = 
27]^^, one have used the following representation: 

r" = 7'^®j, r'^ = 75®7", (3.11) 
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where {7^,7''} = 2//°^, {7^,7*} = —25"'', / is the 8x8 identity matrix and 7^ = 
27*^7^7^7'^. Multiple indices of the gamma matrices are antisymmetrized, {e.g., 7"^ = 
7["7^1) and the gamma matrices with curved indices are defined by multiplying with 
the Vierbein, e.g., 7^^ = 6^7". With the representation of the gamma matrices (|3.11| ), 



the spinor index A of an lid spinor, e^, can be decomposed into A = (a, m), i.e., 
, where a = 1, 4 is the spinor index for a four component 4d spinor and 
m = 1, 8 is the index for the spinor representation of the group 5*0(7). 

The supersymmetry transformations of the gravitinos and modulinos given in 
( p.lOj ) is a simple sum of the corresponding transformations from the Kaluza-Klein 
sector and the 3-form fields sector That is not surprising because the effective 



Lagrangian (|3l3| ) (after setting Aij^ and A^j, j to zero) is just a simple sum of the Ricci 
scalar, the kinetic energy of the scalar fields, and the kinetic energies of the gauge 
fields. The effective Lagrangian contains no terms that describe any mixing between 
the two types of gauge fields. However, careful examination of the definitions of 
field strengths and tedious manipulation are required to verify explicitly the expected 
supersymmetry transformation rules. 

I shall evaluate the KSEs in the following subsections under the assumptions of 
time-independence and spherical symmetry. I will turn off all the scalar fields except 
the dilaton and the diagonal internal metric elements. 
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3.3.1 Prom SG perspective 

In this subsection, I express the KSEs in terms of 4d fields from the compactified 
= 1 lid SG. With spherical symmetry, the 4d space-time metric can be taken as 

Qf.Axf'dx'' = X{r)dt^ - X-\r)dr^ - R{r){de^ + sin^M^^). (3.12) 

Field strengths G^^^ and F^i,ij for KK U{1) gauge field and that from three-form fields, 
respectively, have the following non-zero components: 

Ftrij = ^^^^g^ ' ^^<t>-^:) ^ PijSinO, (3.13) 

where Qi (P*) and Q''^ (Pij) are the physical electric (magnetic) charges 0. The internal 
metric, Qij, is proportional to 6ij by assumption. The supersymmetry transformations 
of the gravitinos and modulinos, (|3.10| ), can thus be simplified: 



i-P^ T tQm) Bui - ^RVXilneZr^'^ei^ + ^(±P., - ^Q^^h^^' 



+ ^(TP™ + ^Q™)y^n/ = 0, (3.14) 

T ^ (A' - \^') Eui - Qii'siu + ^(P., T 2iCl'^)^'^eiu = 0, (3.15) 

'-VRe^i - '-VX{R' - Rip')eui + ^PV^«« + ]^(-Q'' T 2iV,,)^'^eiu = 0, (3.16) 

R^drSui ± \Q^l'elu + Y^(TPi, + 2iCl'^)-i'^eiu = 0, (3.17) 



"^To simplify the formulae, I have assumed that the internal metric and the dilaton approach unity 
and zero respectively as r — > oo. This can always be done through manifest SL{7, R) symmetry and 
S-duality. 
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/ l,m 2,mN 



i.m/ \ 2,m/ \\ 



(3.1^ 



where 



(3.19) 



are the upper (or lower) two components of the 4d four-component spinor i.e., 



-m\r 



{e^,eY^), and a™^(r) are the corresponding two-component spinors Q that 



depend on the radial coordinate r only The KSEs ( ^.171 ) and ( |3.18D determine the 
radial and angular dependence of the spinors. As all information of the fields and 
the constraints on the spinors are contained in ( 3.14 ) to ( |3.16 ), I shall not elaborate 
equations (|3.17| ) and (|3.18|) any further. It should be noted that 7' act only on the 
index m. I have used an explicit representation of the 4d gamma matrices to write 
the KSEs in terms of relations between upper and lower two components of the 4d 



space-time spinors. 



""I also call the quantities e™ and e[" two-component spinors. That only means that they are 
the upper and lower two components of the 4d spinors, e™, respectively. The upper (lower) two 
components of the 4d Majorana spinors do not have definite transformation properties under the 4d 
Lorentz group. 

^Note that I suppress the index m of the spinors in all of the equations in this paper. 
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3.3.2 Prom IIA perspective 



In order to rewrite tlie KSEs (|3.14| )- (|3.16| ) in IIA language, I define the projection 
operators 

P+^\{l- , P-^\{^ + n') , (3.20) 
and project the two components of e, 

£ = (3.21) 

where 

e+ = P+e, e- = P^e. (3.22) 

The two types of spinors, e™"*" and e"^~ , originate from the two spinors associated 
with the N = 2 supersymmetry of the IIA superstring in 10 dimensions ^. 

With ( p.8|) , I rewrite the SG charges defined in (|3.19|) in terms of the charges of 
IIA superstring as: 



= (1 - - 5jQ^^, = (1 - 5j)pw + sjp 



RK 



Q^^ = (1 - 6J){1 - 6])CriF - (1 - 5J)5JQW + (1 - S])SJQ^F 

P.. = (1 - m - 5j)pf + (1 - 6j)6]pr - (1 - (3-23) 



where 



^It can be shown that the chiraUty of a lOd Majorana-Weyl spinor is labelled by the corresponding 
eigenvalue of 7^ which only acts on the index m, when the lOd Lorentz group is reduced to a direct 
product of the 4d Lorentz group and the 6d rotation group. 
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NK 



RK 



RK 



Q 



NF 



j'^RF 



NF 



P^^ ^ e^'^e^e^/^^^ 



(3.24) 



A^, -R, i^', F indicate that the charge is from NS-NS sector, RR sector, with KK origin, 
and with 1-form, 3-form (in RR sector) or 2-form (in NS-NS sector) origin respec- 
tively. The index, i, indicates that the charge is associated with the i th compactified 
dimension. From ( p.l3| ), Gj.^. — — ^ as (777 — — 1 asymtotically. As = Bj^ from 
( p.8|) and Q^^ is defined to be the charge of the gauge field 5^, i.e. Gtr — > ^5-, 
Q^^ = —Q7. Similarly, Qf^ = — Q*^ as Ftrij contains the extra factor (777, compared 
with the definition of Qatf- 



With equations and (|]2|), I act P+, P on both sides of (|3J4D and get 



i?v^(lnC)'e+ 



+- 



(^Pf - tCtip) + 2 (±P^r + ^Qrf) 7™^ + Prk ± 



RK 



'lu 



ul 



TQ^J + QNF)+n-Pm<^P\ 



,NF 



+- 



TPf - iQlp) + 2 (±P^f + zQ™ ) 7™ - Prk T ^Q^"" 



(3.25) 



where m = 1,...6. From 5t/'7 = 0, 



'in 



«I shall normalize the charges such that {Qnf,P^^ ,Qrf,P^^) ~^ ^{Qnf, ,Qrf, P^^), 
to make the equations more symmetrical. 
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ul 



-3 {-PRKTtQ'''' 



+ - (±Pf + ^Q:l^) 



'lu 



+ Q]vf7V., (3.26) 



With ( ^.261 ), I can write ( |3.15| ) and ( |3.16D respectively as: 



i?v^(lnA + 20y£+ 



i?VA(lnA + 20)'e 



1 r 



±P 



RF 



wRK 



'lu 



(±Pf - .Q^,^) 7^^' - 2 (-P^;, ± ^Q^^)] er. 

+ (tQ^ - Qiv^) f 4, (3.27) 



ul 



RVXi\n\-2<i))' e 



ul 



1 r 
4 



i?\/A (In A- 20)' e 



'Im 



'lu 



(±Pf - zQ^^) 7^^' + 2 (-Pr;, ± ^Q^ 

+^ (PW T Pr ) I'e] 
(±Pf - zQ)^^) 7^^' - 2 (-P^i. ± ^Q' 

+^ (PW ± pr) y^i, (3.28) 

Therefore NS-NS charges relate spinors with different chiralities (from the lOd view 
point), while RR charges relate spinors with the same chirality. 

3.3.3 Spinor constraints 

In this subsection, I shall put down a map to associate a spinor constraint with 



each charge in the KSEs. The patterns of supersymmetry breaking are governed by 
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the spinor constraints. Each spinor constraint reduces half of the spinor degree of 
freedom, leading to the breaking of half of the supersymmetry. From ( |3.25| ) to ( |3.28| ), 



one sees that each charge is associated with a particular spinor constraint when only 
that particular charge is non-zero. For example, if only Q^^ is non-zero there will be 
two sets of consistent KSEs. One set relates and with the spinor constraint: 
'n*^u — l^^i 1 where rj^ = ±1. The other set relates e~ and e^, with the spinor 
constraint: r^^e" = 'j^e'^. 

Here I collect all the eight spinor constraints associated with the eight different 
types of charges: 



I ; 
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P^^: r]se+ = -et, VssZ = eT ■ (3.29) 

where r/j = ±1. The bosonic configurations in general depend on the r/s. 

After exphcitly solving the KSEs, I find that the spinor constraints associated 
with each mult i- charged configuration considered in this paper are precisely the same 



as those expected from (|3.29|). Each non-zero charge brings a spinor constraint with 



the same form as that from p.29| ) independently f\. Therefore, I have found a very 



simple set of supersymmetry breaking rules ( p.29 ) for the 4d black hole solutions of 
the toroidally compactified IIA supergravity. 



3.4 BPS configurations 

I shall find explicit solutions to the KSEs in this Section. In Section (3.4.1), only 
NS-NS charges are turned on, the RR charges are turned off. Then in Section (3.4.2), 
only RR charges are turned on. In Section (3.4.3), configurations with charges from 
both NS-NS and RR sectors shall be discussed. 



3.4.1 Neveu-Schwarz-Neveu-Schwarz sector 



With the RR charges set to zero, the KSEs ( ^.25| ) - ( ^.28] ) can be rewritten as two sets 



of consistent KSEs. One set relates the spinors: el' to , and the other set relates 



^One implication of these spinor constraints is that there is no supersymmctric configuration that 
contains both and or both P^^ and Q^^ , under my working assumptions. 
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to ef . These two sets of KSEs can be written together as follows: 

- RVXilneZYsui = ^ [± (r]*Q^^ - Qr) + ^ (-P^ + ^^P^)] 7^"^/. (3.30) 

rVX (0 + ^ajsui = \ (-^r/,Pr ± I'eiu (3.31) 

(In A + 20)' e^i = ± (r^.Qf ^ + Qf ^) 7^£z„ (3.32) 

i?v^ (In A - 20)' e^i = i (pf ^ + r^.Pf ^) 7*£;„, (3.33) 

where r/* = 1 when (eti,^;) = (e^,^"), and r^,,, = -1 when {Eu^Si) = (ejj^,e;~). Note that 
the two components of 5-07 of SG with opposite chiralities from the lOd view point 
has been identified with the two dilatinos of the IIA superstring in 10 dimensions. 



The structure of this set of KSEs is identical to that of the heterotic string [p5 
Actually, one can reproduce the KSEs of the toroidally compactified heterotic string 
with the above KSEs of the toroidally compactified IIA superstring at each rj^, with 
the following maps: 

4 V* = 1, (3.34) 

£u ^u, el su V* = -1, (3-35) 
V*P^^^p!^\ V* = ±l, (3.36) 

where the quantities on the left of —>■ belong to the compactified IIA superstring, and 
the quantities on the right belong to the compactified heterotic string. The superscript 
1 and 2 indicates the origin of the charges, i.e., KK gauge fields or two-form fields, 
respectively. 
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In the case of heterotic string, which has = 1 in lOd and = 4 in 4d, the 
KSEs relate the upper and lower components of the 4d spinors which originate from 
the same lOd Major ana- Weyl spinor with a definite chirality. While in the case of 
IIA superstring, which has = 2 in lOd and A^ = 8 in 4d, the KSEs relate the 
upper(lower) components of the 4d spinors which originate from a lOd Majorana- 
Wely spinor of certain chirality to the lower(upper) components of spinors which 
originate from another lOd Majorana-Wely spinor of opposite chirality. 

From ( |3.32|) , non-zero {rj^Qf^ + Qf'^) gives a spinor constraint of the form : 
El = —T]^:'r]^Y^u- From ( |3.33| ), non-zero (P^^ + ?7*P^'^) gives a spinor constraint of 
the form : ei = —ii]^'~f^6u, where ri± can be equal to +1 or —1. Therefore the maximum 
number of charges allowed by constraints on spinors is four, with one electric NK and 
one electric NF charge from the same compactified dimension, and one magnetic NK 
and one magnetic NF charge from another compactified dimension 0. Without loss 
of generality, I choose the non-zero charges to be: Pf^,Pf^,Q2^,Q2^. Solving 
(pg) to (pD, I get the fields: 



A 



R 



,2<j> 



NF\ 



^^1 follow the same line of argument used in finding the generating solution for the supersymmetric, 
spherically symmetric solutions in Abclian Kaluza-Klein theory p7| . 
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NF\ 



i _ (r + rj^VpPl 



NF^ 



r + TjpP] 



NK 



NK 



e = 1 



m = 3, 6. 



(3.37) 



I have dropped the bars on the internal metric components. Note that I always define 
the radial distance in such a way that the horizons of all the black holes considered 
in this paper are at r = 0. 

This configuration has a lOd interpretation as a gravitational wave travelling on 
a (winding) fundamental string which lies on a solitonic 5-brane [PBl, and bounded 
with a magnetic monople. 

Each non-zero magnetic charge (P/^^, Pf^, or both) and each non-zero electric 
charge {Q2^, , or both) creates the following spinor constraint respectively: 



(3.38) 



These constraints are the same as expected from ( p.29| ) with suitable definitions of 
the ?7S. 

The mass of the black hole from ( |3.37| ) is 



1 r 



{pr + + (gr + v*Qr) 



(3.39) 
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The eight different combinations of rjs correspond to the positive and negative values 
of the four central charges [|8[: \Qr + Pr\, \Qr-Pr\, \Ql + Pl\, \Ql-Pl\, where 



Pr,l = Pi^ ± Pi'' and Qr^l = <5^^ ± Q^^- The mass of a BPS state is equal 
to the maximum of the central charges, thus 77s have to be chosen to maximize the 
mass given by ( |3.39 ). Consequently there is no massless solution unless all charges 



vanish, i.e., no gauge or supersymmetry enhancement. This is in contrast with the 



case of = 4 heterotic string ||4^. The difference is made by the extra freedom of 
maximizing the mass with r;^, which is a result of the N = 8 supersymmetry. 

With three rjs and four non-zero charges, one always get a solution with a naked 
singularity when an odd number of charges are(is) negative. For example, a configu- 
ration with the charges that satisfy the inequalities: Pf^, Pf^, ^ —Q2^ > 0, 
have all the 77s equal to one in order to maximize the mass. Therefore, there is a 
naked singularity at r = — from ( p.37|) . For a regular solution {e.g., when all 



four charges are positive), the mass is proportional to the sums of the four absolute 
values of the charges, i.e., 

M = i (iPi^^l + \Pr\ + + IQn) ■ (3.40) 

When only three or fewer NS-NS charges are non-zero, the three 77s are chosen in such 
a way that the mass is proportional to the sum of the absolute values of the charges. 
The horizon coincides with the singular surface of the black hole, and consequently 
the black hole has zero thermodynamical entropy. 
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I shall study the pattern of supersymmetry breaking in detail |^. When three 
to four charges are non-zero, one has to fix r]^, for consistency of the field equations. 
Half of the spinor degree of freedom thus have to be set to zero. Supersymmetry 
is then reduced by half. Each of the two spinor constraints in (|3.38|) reduces the 



remaining spinor degree of freedom by half. Thus only | (= ^) of the original N = 8 
supersymmetry is preserved. [5 

Consider the case with two charges only. If both charges are of the same type [i.e., 
both are electric or both are magnetic), rj^: has to be fixed. But only one of the two 
constraints in ( p.38|) remains. Therefore = 2(= 8x ^) supersymmetry is preserved. 
When the two charges are of different types {e.g., only P^^ and are non-zero) 
both constraints in ( p. 3^ ) operate, but t]^ does not need to be fixed. The configuration 
can be considered as the solution of the KSEs with 77^, = 1, i.e., {eu,£i) = {^t,^^) 
well as the solution of KSEs with 77* = —l,i.e.,{eu,£i) = {e^,e^). Therefore the 
supersymmetry transformations of the gravitinos and modulinos in (|3.10| ) vanish for 



the two different choices of sets of Killing spinors: {eu,£i) = {e^,e^) and (£„,£«) = 
{e^,eY) under the bosonic background defined in (|3.37|) . Therefore, the configuration 



^^It is interesting to note that while the field equations depend on the charges continuously, the 
spinor constraints depend on charges discontinuously. The number of supersymmetries preserved 
depends on the number of non-zero charges, but not on the magnitudes of the charges. 

^^In the heterotic case [Q, configurations with three to four non-zero charges also preserve = 
1 supersymmetry, although the heterotic string only has iV = 4 supersymmetry. The difference 
between the two cases is made by 77*. When it is fixed for consistency of the field equations, 
supersymmetry is reduced from = 8 to = 4. The patterns of supersymmetry breaking for the 
two cases are then essentially the same. 
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preserves = 2(= 1 + 1) supersymmetry. 



When only one charge is non-zero, only one of the two constraints in (|3.38| ) re- 



mains, and Tj^: need not be fixed. So the solution preserves = 4 ( = 8 x | ) 
supersymmetry. 

I can conclude that the specification of each of the rjs breaks | of the supersym- 
metry. In the case of only one non-zero charge, | of the supersymmetry is broken as 
only !]_ or 77+ need to be fixed (to maximize the mass), thus = 4 is preserved. In 
the case of two non-zero charges, only ^ of supersymmetry is preserved as we need 
to fix two r^s, i.e., rj^ and rj_{ri^) if both charges are magnetic (electric), r]_ and i]^ 
if the charges are of different types. Therefore N = 2 supersymmetry is preserved. 
With three to four non-zero charges, all three 77s need to be fixed, and only ^ of 
supersymmetry is preserved, i.e., N = 1. 

We would try to find configurations that preserve | of the N = 8 supersymmetry 
in this paragraph. From supersymmetry algebra, one may conclude that if there exists 
p different combinations of 77s that give the same physical mass (p central charges 
coincide), then the corresponding configuration preserves N = p supersymmetry. 
That is indeed true for the cases of p = 1, 2, 4. However, it is not true when p = 3. 
Consider a configuration with the charges: {P(^^ , P(^^, Q^^, Q^^) = (P, -P, Q, P), 
where Q > P > 0. Such charges satisify the inequalities: P + Q = Qr + Pr = 
Qr — Pr = Ql + Pl > {Ql ~ Pl) > 0, and leads to singular configurations. The three 
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combinations of rjs that give the same physical mass (P + Q) are: {rj^:, rj^, rjp) = (1, 1, 
1), (1, 1, -1), and (-1, 1, 1). Although these three sets of rj combinations give the same 
space-time metric from ( ^.371 ), they have different internal metric fields, e\ and 62- 
Therefore they correspond to different configurations. After checking out all cases, I 
conclude that there is no solution (static, spherically symmetric, with no axion and 
off diagonal internal metric elements) that preserves | of the N = 8 supersymmetry 

3.4.2 Ramond-Ramond sector 

I shall solve the KSEs with only RR charges in this section. In principle, these so- 
lutions can be obtained by performing U-duality on the solution with only NS-NS 
charges. However, by solving the KSEs explicitly, we can study the pattern of super- 
symmetry breaking in detail. My classical solutions provide a way of verifying the 
D-brane |^ intersection rules |Q which are defined microscop- 

ically. 

From the KSEs to {^^, I find that the KSEs with £+ on the left hand side 

have the same form as those with e~ on the left if we turn off the RR vector charges 
Q^^ and P^^ . Therefore we shall first consider the case when the charges from the 



^■^A similar situation is found in the case of the heterotic string. When the central charges 
vanish, one gets massless black hole solutions ]4^ . There are two different singular configurations 
corresponding to the two different choices of (77+, 77-), i.e., 77+ — r/_ or 77+ = —77-. Each of the 
two configurations preserves j of the original = 4 supersymmetry, instead of one configuration 
preserving N ~ 2 supersymmetry. 
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RR vector field vanish (non-zero charges from the RR vector field are considered in 



the following paragraphs). The KSEs ( p.25| ) - ( p.28| ) reduces to 



i?v^(- Ine^ + \aye^i = \ (±P^f + zQ™ ) 7"^^,, 



RVXihiX-a)' e 



(3.41) 



where Sui = £^11 = e*. In [0, the Z2 element of the U-duality group mapping 

all the NS-NS gauge fields to RR gauge fields and vice versa for the IIA superstring 
compactified on was shown explicitly. The NS-NS charges of the configuration 
( ^.37| ) considered in Section IIIA, i.e., Pj^^ , Pf^, and Q^^, are mapped to the 
RR charges : Pu, P34, Q23, Qm (up to signs). With this charge assignment, the KSEs 
are explicitly solved and the solution is: 



A 



[(r + r]i2Pi2){r + r]uP34:){r + r]23Q23){r + r/uQu)] 



R=[{r + r/i2Pi2)(r + 1/34^34) (r + V23Q23){r + VuQu)] 



ei 



(r + r]i2Pi2){r + 7723^ 



23) 



(r + r]34,P34){r + r]uQu) 
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(r + ?7i2Pi2)(r + TjuQu) 
{r + r]34P34){r + V23Q23) 
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(r + r]i2Pi2){r + r/uQu) 
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65,6 



(r + 7734-P34)(r + r7i4Qi4) 
(r + ?7i2-Pi2)(r + il2-iQ2-i) 

[r + ri2i,Q2-i){r + TjiiQii) 
(r + ?7i2Pi2)(r + 7734^34) 



where ?7i2^734 = V^sVi^^y ^ = IndetCm- The dilaton does not run (z.e. 
only couples to the NS-NS charges from 



(3.42) 



0) as it 



As the RR charge carriers are D-branes in 10 dimensions the configuration 
( p.42| ) corresponds to the intersection of two D-2-branes and two D-4-branes [i.e., 2 _L 
2 ± 4 ± 4) 1^. The two electric charges Q23 and Q14 are carried by two D-2-branes 
wrapping around the compactified toroidal directions (23) and (14), respectively 



The magnetic charges Pu and P34 are carried by two D-4-branes wrapping around 
the toroidal directions (3456) and (1256) respectively. With these identification for 



the directions of the D-branes, one can verify the D-brane intersection rules [B3]. The 



two D-2-branes intersect each other at a point, while the two D-4-branes intersect 
each other at a D-2-brane {i.e., (56)). Each of the D-2-branes intersect each of 
the D-4-branes on a D-l-brane, {i.e., (23) intersects (3456) and (1256) on (3) and 
(2) respectively, (14) intersects (3456) and (1256) on (4) and (1) respectively). The 



^"^The configuration can also be interpreted as the intersection of two M-2-branes and two M-5- 
branes {i.e. ,2 _L 2 _L 5 _L 5) in 11-d, i.e., as a configuration from intersecting M-branes 
| p3[ . Each of the two M-5-branes is parallel to the 11th dimension, while the two M-2-branes are 
orthogonal to it. 
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four D-branes intersect at a point (the origin). Therefore the microscopically-defined 
D-brane intersection rules are verified with the classical solution ( |3.42| ). 
Each non-zero charge P12, -P34, Q41, Q23, creates a spinor constraint, 

£u = Vi2'l^'^£h £u = riMl^'^^h = iViil'^^^h £u = -iV237'^^£i, (3.43) 

respectively. Like the previous case with only NS-NS charges, these spinor constraints 
are the same as expected from ( p.29| ). There are only three independent constraints 
in ( |3.43| ), and the four r^s satisfy the relation ?7i2?734 = Ti23f]i4. The mass of the black 



hole is 

M = ^ (r/i2Pi2 + V34P34 + T123Q23 + mQu) . (3.44) 

Like the NS-NS black holes, there is no massless solution and it is singular when an 
odd number of charges are negative. The mass of a regular black hole is equal to the 
sum of the absolute values of the charges, and the area of the horizon for black holes 
with four charges are non-zero. 

For the pattern of supersymmetry breaking, I note that if three to four charges 
are non-zero, I have three independent spinor constraints from ( 3.43| ). Each reduces 



the spinor degree of freedom by half. Consequently the solution preserves N = 
1(= 8 X ^) supersymmetry. With only two non-zero charges, two of the spinor 
constraints from ( |3.43| ) survive, resulting in a configuration with = 2 (= 8 x ^) 
supersymmetry. With just one non-zero charge, the configuration preserves = 4 
(= 8 X i) supersymmetry, as only one of the spinor constraints in ( p. 43 ) survives. 
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I shall check whether BPS-saturated states obtained by solving KSEs in RR sector 
under my working assumptions (i.e., spherical symmetric, static, only have scalars 
fields from dilaton and the diagonal internal metric, and zero charges from RR vector) 
can have more than four charges without referring to U-duality. As each magnetic 
charge leads to a constraint of the form, = rjij^-^ei, while each electric charge 
creates a constraint of the form, e„ = irjijY-^Si, I cannot have electric and magnetic 
charges with the same indices. Suppose I add the fifth charge P13. The two spinor 
constraints from P13 and P12 imply that Eu has to be an eigenvector of 7^^. But 
7^^ does not commute with 7^^ (from ( p.43| ), e„ has to be an eigenvector of 7^^), 
therefore it results in imcompatible spinor constraints. Finally, if I add P56, no such 
imcompatibility occurs. However, the resulting configuration would over-constrain 
the spinor, i.e., it only has two spinor degree of freedom. That is because the spinor 
constraint associated with P56 is not derivable from ( p.43| ), and so there are four 
independent spinor constraints, thereby reducing the supersymmetry by a factor of 
^. Similarly it is also impossible to add a fifth electric charge to the solution ( p.42|) 
consistently. Therefore, the BPS-saturated black hole solutions can at most have four 
non-zero charges from the Ramond-Ramond three-form fields. 
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3.4.3 T-dual configurations 



The configuration ( |3.42| ) is T-dual to a more symmetrical configuration correspond- 
ing to the intersection of one D-O-brane and three D-4-branes, i.e.,0_L4±4± 
4 By performing T-duality transformations on the 2nd and 3rd toroidal 



directions, the D-branes : (23), (14), (3456), (1256), are mapped to the D-branes : 
0,(1234), (2456), (1356). They carry the charges: Q^^ , P^e, P13, and P24, respectively. 
Each of the D-4-brane intersects another D-4-brane on a D-2-brane {i.e., (1234) inter- 
sects (2456) at (24), (2456) intersects (1356) at (56), (1234) intersects (1356) at (13)). 
The three D-2-branes intersect at a point, which couples to the 0-brane. As the above 
element of the T-duality group maps a configuration with a diagonal internal metric 
and zero axion to another configuration with diagonal internal metric and zero axion 
38| , the configuration corresponding to the D-brane intersection : _L 4 ± 4 ± 4, 



should also be a solution of the KSEs. 

I have explicitly solved the KSEs with the charge assignment: {Q^^ , -P56, P13, -P24)- 
The space-time metric. A, has the expected form: 

A = (3.45) 

[{r + r]nPn){r + ^24^4) (r + V56P56){r + VgQ^^)]' 

where rig depends on other 77s as shown below. The spinor constraints are: 

£u = Vil^^^u £u = r]2l^^^h £u = r]^l^^eu Su = irjeVg^h (3.46) 

^^Not the general T-duality transformations. I only consider the particular element of the T- 
duality group that inverse the radius of the corresponding compactified toroidal dimension. 



65 



where rj^ = ±1 for 6 = 6"^. These constraints agree with ( p.29| ) and associate with 



-Pi3, P24, -P56 and Q^^ , respectively. Using the fact that ■y^^^y'^^'y^^ = —7'^, and the re- 
lations ( ^.22[ ), I find T]g = ?7i?72?75. There are only three independent spinor constraints 



in (|3.46|) . Therefore the above solution contains three independent 77s, and preserves 



N = 1(= 8 X ^) supersymmetry. 

An observation about the electric charge from the RR vector field is made. From 
the KSEs view point, it is the only charge that can couple to the three RR magnetic 
charges (P13, P24, -P56) in a supersymmetric black hole solution. Any additional RR 
charges from the RR three- form fields would over-constrain the spinor, as has been 
discussed previously. The magnetic RR vector charge P^^ can not replace Q^^ 
consistently because the associated spinor constraint is not consistent with those in 
( p.46| ). On the other hand, from the D-brane view point, only the electric D-O-brane 
can couple consistently with the three intersecting magnetic D-4-branes. The D-O- 
brane can only carry the electric charge from RR vector, as it has no index. Therefore 
the KSEs' method provides a consistency check of the intersection rule of D-branes 
in this case. 

There is yet another configuration related to the above two configurations 2 _L 
2 ± 4 ± 4 and 0_L4±4±4by T-duality. By performing T-duality on the 
5th and 6th toroidal directions, the latter configuration: (), (1234), (2456), (1356), is 
tranformed to: (56), (123456), (24), (13), which carry the charges: Qse, -P^'^, Q24, and 
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Qi3, respectively. This configuration corresponds to an intersecting D-brane con- 
figuration in which three intersecting D-2-branes are all contained in a D-6-brane, 
i.e., 2 ± 2 ± 2 C 6. The spinor constraints of the configuration associated with 
Qi3, Q24, Q56, P^^, are the following: 

£u = iVi3l'^^£i, £u = iV2-i1^'^£i, £u = iv^al^^^i, £u = -VeVp^i (3-47) 



respectively, where rje = ±1 for e = e^. These constranits agree with ( 3.29 ). Like 
the previous case, only three independent spinor constraints are in (|3.47|) , and rjp = 
ViV2V5- The configuration preserves = 1(= 8 x p-) supersymmetry. 

3.4.4 Configurations with both NS-NS and RR charges 

As each NS-NS charge relates the the two-component spinors e^i to and each RR 
charge relates e^i to e^, a configuration with both NS-NS charge(s) and RR charge(s) 
necessarily involve all the four types of two-component spinors: e^,e'l,e^, and ef . 

I may consider the relations between the two-component spinors associated with 
a configuration with both NS-NS charges and RR charges as follows. Starting with 
e^, the NS-NS charges relate them with by the associated spinor constraints from 
( p.29| ), and the RR charges relate to e^. In the same way, I can start with e~ and 
put down their relations with e/" and from the spinor constraints associated with 
the NS-NS charges and RR charges. These two sets of relations on the spinors, one 
starts with e+, the other starts with e~, has to be consistent. I thus get a necessary 
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condition of getting consistent KSEs involving both NS-NS charges and RR charges. 
I shall illustrate such relations among the spinors with a configuration containing the 
charges: P^^^, g|f , ^, and Qf^. 

Starting with I get the following spinor constraints from ( p.29|) associated with 



the charges P^/,Qg^,P^^, and Qf^: 



4 = ^127^^^^ 4 = -iV23l^'''£t, = iVil'i^i , 4 = -Vsl'^^i (3.48) 



respectively. There are only three independent spinor constraints, and rjirj^ = i]i2ri23. 
I can also start with e^, and obtain the following spinor constraints from (|3.29| ): 



_ 12 — — ■ 2'^ — 



(3.49) 



These two sets of spinor constraints, ( p.48|) and (|3.49|) , are consistent with each other. 
Therefore, I have consistent KSEs with spinor constraints ( p.48| ) or equivalently ( |3.49| ). 
The spinor constraints p.48| ) and ( ^.49| ) are the same as what I have found after 
solving the KSEs explicitly. 

With non-zero NK fields and RF fields only, the KSEs (|3]2|) to reduce to 

the following form: 



R^/X{- In + + -(J)'eui 



PTA (InA - a)' 4 = TQ^^el - '-Q^W's 



(3.50) 
(3.51) 

(3.52) 
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i? (In A + a)' 4, = 7^^^. ± ^Pf 7^^'4- 



(3.53) 



Solving the KSEs <^M ) to with the charges: ^, Q^^, Pj^^, and g|f , I get 

the following solution: 



A 



[(r + r7iPi)(r + T]i2Pi2){r + r73Q3)(r + ^23Q23)] 



P = [(r + r/iPi)(r + r/i2Pi2)(r + mQ-i){r + 7723^23)]^ 



ei 



63 



where 771773 = r^iar/ss- 



r + r^iPi 



(r + r]i2Pi2){r + 7723^23) 
(r + r7iPi)2 
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^ + ^12^12 
+ ^23^23 



^3^3)' 



(r + ?7i2Pi2)(r + r723Q23 

r + ^723^23 



64,5,6 



12 



(3.54) 



The lOd interpretation of this configuration is that it is a bound state of a magnetic 
monople, a D-2-brane which intersects orthogonally to a D-4-brane, and a gravita- 
tional wave travelling along the intersection. Upon compactification, the D-2-brane 
wraps around the toroidal directions (23) and carries the charge Q23- The D-4-brane 
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wraps on (3456) and carries the charge P12. The wave gives rise to the charge Q^^ , 
and the monopole carries Pf^. Bound states of fundamental string and D-branes 
have been studied in [^]. 
The mass of the black hole is 

M = ^ {r]iPi + r/sQs + r/i2Qi2 + r723<523) , (3.55) 

where rjirj^ = r7i2?723- Like previous cases, there is no massless solution and it is 
singular when odd number of charges are negative. The mass of a regular black hole 
is equal to the sum of the absolute values of the charges, and the area of the horizon 
for black holes with four charges are non-zero. 

Now I consider the pattern of supersymmetry breaking. For convenience, I choose 
to consider the constraints in (|3.48|) which relate with ef and e/", and the first 



constraint in (|3.49|) which relate with . The two RR constraints determine e/" 



from and force e'^ to be an eigenvector of 7^^. Therefore, there are only four spinor 
degree of freedom left from the 16 spinor degree of freedom contained in and e^. 
The two NS-NS constraints determine from and require to be an eigenvector 
of 7^^, again. Therefore, the four spinor constraints in (|3.48| ) contain one redundant 



constraints, and imply a relation between the rjs, i.e., 771173 = ?7i2'723. No spinor degree 
of freedom are available from e~, as it is completely fixed by the first constraint in 
( p.49| ) for consistency. Therefore, out of the 32 spinor degree of freedom contained 
in e^,e^,el' and e~, only four are unconstrained. Hence the configuration preserves 
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= 1 supersymmetry. Of course, I can also find the number of supersymmetries 
preserved by counting the number of independent 77s, hke what I did in the NS-NS 
black holes. 

From the previous two subsections, (3.3.1) and (3.3.2), I conclude that there is no 
configuration with three or more NS-NS (RR) charges, while still containing at least 
one RR (NS-NS) charge. That is because three NS-NS (RR) charges already reduce 
the supersymmetry from = 8 to = 1. Further constraint from a RR (NS-NS) 
charge would over-constrain the spinor. The spinor constraint from a NS-NS charge 
has the form : ei = Ci7*£:„, while that from the RR charge is : = C27*-'eu for some 
complex numbers Cj. Therefore a NS-NS constraint can never be derivable from pure 
RR constraints, and vice versa. 

3.4.5 T-dual configurations 

In this subsection, I study two configurations which are T-dual to the configuration 
( p.54| ). The first T-dual configuration is obtained by acting on the first configuration 
with two T-duality transformations on the 2nd and 3rd toroidal dimensions. The new 
configuration then corresponds to the bound state of a magnetic monopole with charge 
P^^ , a D-O-brane with charge Q^^ , a D-4-brane with charge P(^^ and wraps around 
(2456) upon compactification, and a (winding) fundamental string which wraps on 
(3) and carries the charge Q^^ upon compactification. I have solved the KSEs ( ^.251 ) 
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to ( |3.28| ) with the above four charges. The spinor constraints associated with these 
charges respectively are: 



eZ = ivil ei , £u = ^Vq^t, 4 = Vi3l ef , e+ = r/37 Si , (3.56) 

there are only three independent spinor constraints, and the 77s satisfy: r/ir/3 = r/g^^ia. 
By including the constraint: e~ = irji'j^e'^, I get a set of consistent spinor constraints 
relating all the four different types of two- component spinors. As before, the con- 



straints (|3.56| ) which I obtain by explicitly solving the KSEs, is the same as expected 
from ( |3.29|) . The configuration preserves = 1 supersymmetry. 

This configuration with charges P(^^ ,Q^^ , and Q^^ was studied in |^4|| , 
where the Bekenstein-Hawking entropy of the corresponding black hole is shown to 
coincide with the degeneracy of the corresponding stringy states. 



I can get a third configuration T-dual to the above one and also (|3.54|) by acting 



on the above configuration with T-duality transformation on the 1st and 3rd toroidal 
directions. The resulting configuration corresponds to the bound state of a solitonic 5- 
brane wrapping around (23456) upon compactification, a D-2-brane wrapping around 
(13) upon compactification, a D-6-brane wrapping on the full six-torus (123456) upon 
compactification, and a gravitational wave running on the intersection of the solitonic 
5-brane and the D-2-brane. These constituents of the bound state carry the charges: 
P{^^ , Qfi 1 P^^ and Q^^ respectively. The spinor constraints with these charges are 
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consistent. The charge constraints associated with the above charges are: 

respectively, where r]pT]i3 = rjiTj-^. There are only three independent spinor constraints 
among the four in (|3.57|). For the consistency of the KSEs, I need the additional 



constraint on e^: = rjpSi . This configuration preserves = 1 supersymmetry. It 



has been studied in 85 and 86 



I conclude this section by recalling from Section IIIC one implication of the 
spinor constraints stated in ( |3.29|) . It is that there is no state with both P^^ and 
pNK ^ or both P^^ and Q^^ ■, under the assumptions of spherical symmetry, time- 
independence, and only the dilaton and the diagonal internal metric elements are 
non-zero among the scalar fields. In terms of lOd bound states in string theory, that 
means that there is no bound state between a D-6-brane and a monopole, and also 
no bound state between a D-6-brane and a fundamental string with non-zero winding 
number, under my assumptions. 

3.5 Conclusion 

In this chapter, I have found a class of BPS-saturated black hole solutions of the low 
energy effective supergravity Lagrangian of toroidally compactified IIA superstring in 
four dimensions. I have solved the Killing spinor equations (KSEs) explicitly under 
the assumptions of time-independence, spherical symmetry, and have turned off all 
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the scalar fields except the dilaton and the diagonal internal metric elements. I have 
found a set of spinor constraints associated with different types of charges. In all the 
configurations considered in this paper, these rules were explicitly verified by solving 
the corresponding KSEs. They govern the patterns of supersymmetry breaking. 

The solutions in general could carry no more than four charges under the assump- 
tions stated above Q Configurations with three to four non-zero charges preserved 

= 1 supersymmetry. Those with two charges preserved N = 2 supersymmetry, 
and configurations with only one charge preserved N = 4 supersymmetry. I found 
no solutions that preserved | of the N = 8 supersymmetry. Configurations with four 
non-zero charges with an odd number of them negative were singular. The mass of 
a black hole with no naked singularity was proportional to the sum of the absolute 
values of the charges, and it had non-zero entropy. Solutions with fewer than four 
charges had zero entropies, with the horizons coinciding with the singular surfaces. 
Their masses were also proportional to the sum of the absolute values of their charges. 

There are three different types of solutions differentiated by the origin of their 
charges. They are the configurations with Neveu-Schwarz-Neveu-Schwarz (NS-NS) 
charges only, configurations with Ramond-Ramond (RR) charges only, and the con- 
figurations with both NS-NS charges and RR charges. The patterns of supersymmetry 

^^I expect to find solutions with five independent charges when my assumptions are relaxed p8[ . 
The most general dyonic BPS-saturated black hole solutions are expected to be obtained by per- 
forming U-duality on the solutions with five independent charges, i.e., they are the generating 
solutions. 
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breaking were carefully studied in each case. 

In the first case, the KSEs had the same structure as those of the toroidally 



compactified heterotic string |£5|. The KSEs for the IIA superstring related the upper 
(lower) components of the spinors originating from a ten dimensional spinor with a 
particular chirality, to the lower (upper) components of other spinors originating from 
another ten dimensional spinor with opposite chirality. I explicitly gave the map that 
related the spinors and charges from the compactified IIA superstring to that of the 
compactified heterotic string. Therefore I saw explicitly the embedding of the = 4 
supersymmetry of heterotic string to the N = 8 supersymmetry of IIA superstring. 

In the second case, I solved the KSEs with RR charges only. The configura- 
tion which was U-dual to the NS-NS configuration found previously, was exphcitly 
obtained. It corresponded to the intersecting D-brane configuration with two D-2- 
branes and two D-4-branes in ten dimensions. The T-dual configurations, one corre- 
sponded to a D-O-brane coupled to the intersection of three orthogonally intersecting 
D-4-branes, and one corresponded to a D-6-brane containing three intersecting D- 
2-branes, were also shown to be solutions of the KSEs. I studied the corresponding 



pattern of supersymmetry breaking. The intersection rules |£3[ of the D-branes, which 
were defined in terms of individual D-brane each of which carried only one unit of 
charge, were verified with the classical configurations which may contain very large 
charges. 
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In the final case, I solved KSEs with both NS-NS charges and RR charges. I found 
three different solutions. Each contains two NS-NS charges and two RR charges, and 
is related to the others by T-duality. The first solution corresponded to a bound 
state of a monopole, a D-2-brane which orthogonally intersects a D-4-brane, and a 
gravitational wave running along the intersection. The second configuration corre- 
sponded to a bound state of a monopole, a D-O-brane, a D-4-brane, and a (winding) 



fundamental string The D-4-brane, the fundamental string, and the toroidal 

direction associated with the gauge field that supported the charge of the magnetic 
monopole, are all orthogonal to each other. The third configuration corresponded 
to a bound state of a D-6-brane, a D-2-brane which intersects orthogonally to the 
solitonic 5-brane, and a gravitational wave running along the intersection [S5| p6 . 



Chapter 4 



Non-orthogonally intersecting BPS states 
4.1 Introduction and Sumniciry 

I have made an extensive study on four dimensional BPS states of type II string theory 
corresponding to orthogonally intersecting configurations in ten dimensions in the last 
chapter. In this Chapter, I shall study a class of ten dimensional configurations that 
does not correspond to orthogonal intersections. 

Starting with an off-diagonal eleven dimensional metric, with no monopole and 
which can be reduced to a four dimensional black hole solution parametrised by four 
independent Neveu-Schwarz Neveu-Schwarz charges of toroidally compactified type 

II superstring theories, I obtained non-threshold static ten dimensional configurations 
for type II superstring theories preserving | of the supersymmetry. One configuration 
consists of a D-2-brane and a fundamental string both lying partially on a D-4-brane, 
and the D-O-brane in type IIA superstring theory. Another configuration consists of 
a fundamental string and a D-string both lying partially on a solitonic 5-brane, and 

76 
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the D-instanton in type IIB superstring theory. For the special configurations with 
one of the four charges removed and preserving ^ of the supersymmetry, the metrics 
are diagonahzable by a simple rotation. However, the D-2-brane and the fundamental 
string are still not in general orthogonal in the IIA configuration, and so is the D- 
string and the fundamental string in the IIB configuration even though they have 
diagonal static metrics. 

The importance of non-perturbative states in string theories is hardly questioned 
S^. They are essential in establishing the conjectured duality symmetries of the five 



superstring theories, and the unifying nature of the underlying eleven dimensional 



M-theory |jT2[ . Non-perturbative black hole solutions provide a background for inves- 
tigating quantum gravity from the string perspective. In particular, one can calculate 
the Bekenstein-Hawking entropies of certain four and five dimensional black holes in 



string theory by counting the corresponding string degrees of freedom [44 . 



The non-perturbative states are often studied as solutions of ten dimensional 
supergravity theories, which are the low energy limit of superstring theories, or as 



solutions of iV = 1 eleven dimensional supergravity |30|, which is the low energy 



limit of the eleven dimensional M-theory. In eleven dimensional metrics 

of various configurations corresponding to orthogonally intersecting 2-branes and 5- 
branes were studied. They were interpreted as intersecting ten dimensional string 



objects as one reduced the eleven dimensional metric on a circle. In |7^, two of the 



M-brane configurations were explicitly reduced on a six-torus, and were reduced to 
four dimensional extremal dyonic black holes with finite area of horizon. In |[46|| , 
four dimensional black hole solutions of toroidally compactified type IIA superstring 
corresponding to ten dimensional orthogonally intersecting string configurations were 
studied extensively. These configurations have a diagonal ten-dimensional metric 
(after reducing the eleven dimensional theory on a circle) Q, and a vanishing four 
dimensional axion which is dual to Neveu-Schwarz two form fields in four dimensions. 
The eleven dimensional supergravity also allows solutions corresponding to a 2-brane 
lying inside a 5-brane [|75[ [Q. These configurations also have a diagonal metric, but 



they have non-zero axions when reduced toroidally to four dimensions. 

In addition to orthogonally intersecting branes in ten dimensions, string theories 



also allow configurations corresponding to branes intersecting at an angle. In [[76 



configurations with multiple D-branes related by an SU{N) rotations were studied 



and were shown to preserve supersymmetry. In , these configurations were studied 
in conjunction with the study of modification of the realization of supersymmetry on 
D-branes in the presence of the two form fields. These configurations necessarily 
contain an off-diagonal metric element relating one dimension parallel to a brane and 
another dimension parallel to another brane, which intersects the previous brane on a 
third dimension. As the angle between the branes are generated by SU{N) rotation. 



^By 'diagonal', I mean a diagonal metric describing the space-like isometric dimensions. Metric 
containing elements of the type gxt but vanishing gij with i, j being different space-like dimensions 
are considered as diagonal. 
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the off-diagonal metric element can be removed by a symmetry transformation or 
diffeomorphism. When reduced to lower dimensions, e.g., four dimensions, such an 
off-diagonal metric will not lead to an independent charge. 



It was shown in that by allowing gravitational waves to propagate on a generic 



cycle of the two torus, various non-threshold new string states could be obtained. In 



particular, the bound state of a string and D-string |^ could be obtained. In ^8 
non-threshold D-brane bound states which possessed a difference in dimension of two 
were constructed by performing T-duality on a rotated axis on the D-brane. In WE 



reduction of the eleven dimensional metric along a rotated axis was also considered. 
All of the configurations considered above were constructed from one to two D-branes. 
They involved off-diagonal metric elements which, like those in the metric for branes 
intersecting at angles, could not lead to independent charges when dimensionally 
reduced on a torus. 

The aim of this Chapter is to investigate the implications of the off-diagonal met- 
ric elements, which are NOT generated by symmetry transformations or diffeomor- 
phism on type II superstring configurations. On dimensionally reducing the eleven 
dimensional metric which I start with, I shall obtain a charge associated with the 
off-diagonal metric element. It is not related to other charges in the configuration by 
any symmetry R. 



^One can always diagonalize the 'internal' i and j dimension to get rid of the off-diagonal metric 
element gij. However, such a rotation would affect all the fields of the configuration, and the charge 
corresponding to gij before the rotation would appear as modifications on the other charges and a 



80 

The organization of this chapter goes as follows. In Section (4.2), I shall present 
the off-diagonal eleven dimensional metric which I investigate in this paper. The 
metric describes a M-2-brane intersecting a M-5-brane, with a boost along the inter- 
section. It also contains an off-diagonal metric element relating one direction along 
the M-2-brane but orthogonal to the M-5-brane, and another isometric direction or- 
thogonal to both M-branes. I assume that the metric elements of the configuration 
as well as the fields carried by the string objects depend only on three space-like di- 
rections. Upon dimensional reduction along the isometric direction orthogonal to the 
M-branes, I obtained the ten dimensional metric obtained in without a monopole 
0. Therefore my eleven dimensional off-diagonal metric is guaranteed to generate in- 
dependent charges, as such a property of the corresponding ten dimensional metric 
had been proved to possess such property. 

In Section (4.3.1), I compactify the eleven dimensional metric along a direction 
parallel to the M-5-brane but orthogonal to the M-2-brane. After performing two T- 
duality transformations, one on the direction along the M-2-brane but orthogonal to 
the M-5-brane, and another on the isometric direction orthogonal to both M-branes, 
I obtained a static ten dimensional configuration of the type IIA superstring. It con- 
new Neveu-Schwarz Neveu-Schwarz or Ramond-Ramond charge. 

■^Monopole in fact plays a crucial role in determining the singularity structure of the four dimen- 
sional black hole after dimensionally reducing the ten dimensional configuration on torus. Comment 
about the monopole and the work presented here is made in Section (4.4). 

^The R ^ ^ transformation, not a general one. 



81 

tains a D-2-brane, a D-4-brane, a fundamental string, and the D-O-brane. The (fields 
of) the D-2-brane lie in such a way that in addition to a dimension orthogonal to 
the D-4-brane, the other dimension of the D-2-brane can be resolved into two com- 
ponents. One of the components is parallel to the D-4-brane, the other component 
is orthogonal to the D-4-brane. The fundamental string lies in a direction (the fields 
of) which can also be resolved into a component parallel to the D-4-brane, and an- 
other component orthogonal to it. I describe that as the string and the D-2-brane 
lying partially on the D-4-brane. The fundamental string and the D-2-brane are not 
perpendicular, though they are in the same hyperplane. 

In Section (4.3.2), I compactify the eleven dimensional metric along the isometric 
direction orthogonal to both M-branes. By T-duafizing the resulting IIA superstring 
configuration along the intersection of the original M-branes, I obtained a static type 
JIB configuration. It contains a fundamental string, a D-string, a solitonic 5-brane, 
and a D-instanton. The strings lie partially on the solitonic 5-brane in the sense 
described above. The two strings are not perpendicular. In both Section (4.3.1) and 
(4.3.2), I shall discuss some special cases in which the metrics can be diagonalized 
by a simple rotation. However, even in the coordinate systems in which the metrics 
are diagonal, the D-2-brane and the fundamental string are still not perpendicular in 
the first configuration. And so are the D-string and the fundamental string in the 
second configuration. The deviation from orthogonality depends on all the charges 
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of the configurations, as well as the three non-compact space-like dimensions which 
the metric elements as well as the fields carried by the string objects depend on I 
shall give some concluding comments in Section (4.4). 

4.2 The Off-diagonal 11 dimensional metric 

In the most general generating solution of the four dimensional black hole solu- 
tions in toroidally compactified heterotic string theory were obtained and proved to 
be exact solutions (to all orders in a') of string theory. Upon dimensional reduction 
on a six torus of the ten dimensional configuration, it was parametrised by five inde- 
pendent charges. Setting the charge of the monopole to zero |, the corresponding ten 
dimensional metric, Neveu-Schwarz (NS) 2-form field, and the dilaton are: 

dslo = fir^F (2dtdy2 + Kdyl + 2Ady,dy2) + dyf 
+ {dyl + dyl + dyl + dyf^ + dxsdx% 

e'" = Ff, 

B2t = -F, Si^ = -P(l-cos^), Bu = -AF, (4.1) 

where the metric is in string frame, P is a constant related to / given below, /, F~^, 

and K are harmonic functions depending on x^,s = 1,2,3 only, and A satisfies: 

^It is important to note that I define the positions of the string objects as the positions of the 
sources of the corresponding fields. 

comment on the effect of the monopole in Section (4.4) 
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ds{f~^d'^A) = 0. The Hodge dual is defined only on the three dimensional x'^ space. 
Explicitly, they have the following forms: 



F 



1-1 




r 




(4.2) 



where = XsX^, Qi,Q2,(l and P are integration constants (the metric is assumed 
to be asymptotically fiat), and become four dimensional charges upon dimensional 
reduction. In the case of vanishing off-diagonal metric for the ?/— space, i.e., A 



a solitonic 5-brane, with a gravitational wave propagating on it. 

Upon dimensional reduction on a six-torus, the above configuration when supple- 
mented with a monopole along i/i gives five independent NS-NS charges. The NS two 
forms: B2t, Bi^ give one electric and one magnetic charge respectively. The metric el- 
ements: g2t,gixs give one electric and one magnetic Kaluza-Klein charge respectively. 
These four charges have obvious ten dimensional origin. They are from the funda- 
mental string lying on 1/2, a solitonic five brane wrapping around (23456)th toroidal 
directions, a gravitational wave on the intersection of the string and the 5-brane, and 
the ten dimensional magnetic monopole, respectively. However, the fifth charge does 
not have a clear ten dimensional interpretation. It comes from gi2 and B12 in ten di- 



or equivalently g — > 0, the configuration ( [4.1|) describes a fundamental string lying on 
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mensions, and through the procedures of dimensional reduction, provides two related 
electric charges. Therefore the fifth charge seems to be an artifact of dimensional 
reduction only. We shall see that this fifth charge does have a clear ten dimensional 
origin in Section (4.3). 

As the NS sector of the heterotic string is the same as that in the type II su- 
perstring, ( ^?T| ) is expected to be also a generating solution for the type II super- 
string. In the same configuration (with monopole) was shown to be the gener- 
ating solution for the general black hole solutions (can have NS charges and Ramond 
charges) for toroidally compactified type II superstring theories in four dimensions. 
The corresponding group acting on the generating solution was SU{8)/[SO{4:)l x 
SO{A)r], which has dimension 51 while general four dimensional type II black holes 
are parametrised by 56 charges. Therefore, the four charges obtained by dimension- 
ally reduced ( [4.1D are independent. The off-diagonal metric, G12 = AF ^, produces 
an independent charge parameter upon dimensional reduction. 

We can interpret the configuration (|4.1| ), which represents a solution for ten di- 



mensional type II supergravities, in 11 dimensions where the conjectured M-theory 
lives and with the = 1 11 dimensional supergravity as the low energy limit. The 
11 dimensional uplift of ( |4.1| ) is: 



dsl^ = F^fi[ F f-^ (2dtdy2 + Kdy] + 2Adyidy2) + dyl 



use Gij to denote metric elements of the eleven dimensional metric. 
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+ / (dyl + dyl + dyl + dy^^ + Fdyj + dxgdx"^] , 

F4 = 3 {dF Adt A dy2 A dyj + *df A dyi A dyj + dB^dyi A dy2 A dyj) , (4.3) 

where F4 is the four form field strength of the three form field which is part of the 
bosonic fields of the = 1 11 dimensional supergravity. For q = 0,i.e.,A = from 
( [4.2| ), the configuration describes a M-2-brane orthogonally intersecting a M-5-brane, 
with a gravitational wave running along the intersection. 

Dimensionally reducing ( [4.3|) on a circle gives ten dimensional type IIA configu- 
rations. In particular, I obtain (|4l| ) by reducing (|4.3|) along y-^, which is parallel to 



the M-2-brane and orthogonal to the M-5-brane from 11 dimensional perspective. In 
the following, I shall reduce ([4.3| ) along different directions and so obtain different 
type II superstring configurations. I would then use T-duality transformations to get 
static configurations 0. I shall see that the off-diagonal metric element G12 play an 
important role in these configurations. 



4.3 Type II configurations 

In this section, I shall obtain static configurations by reducing (|4.3| ) on different 
directions and then perform the necessary T-duality transformations. 



*This technique of getting static configurations by T-dualization was first used in 
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4.3.1 Reduction along 7/3 

I obtain a type IIA superstring configuration by compactifying ( [4.3|) along 7/3. This 
direction is parallel to the M-5-brane and orthogonal to the M-2-brane. The ten 
dimensional IIA configuration is: 

dsjj^ = f-2F^ [f-'F (2dtdy2 + Kdyl + 2Adyidy2) + dyl 
+ /"^ (dyl + dyl + dy^) + Fdy^ + dxsdx'] 



A, = 0, S^, = 0, 



A27t = F, Ai7^ =P(l-cos^), Ai27 = -AF, (4.4) 

where (pa is the dilaton, i?^^ is the NS-NS two form field, Aij,,± are Ramond-Ramond 
one form fields and three form fields, for one subscript and three subscripts, respec- 
tively. 

The above configuration is not static, as it contains a non-zero metric element g2t- 
With vanishing g, i.e., A — from ( [4.2|) , the configuration (|4.4| ) describes a D-2-brane 



orthogonally intersecting a D-4-brane, plus a gravitational wave along the intersection, 

i.e., 2d ± 4/)+ I, as expected. The strength of the off-diagonal metric, i.e.,gi2 0, is 

always measured by q. With a non-zero q, the metric for the space 1/2, 1/4, I/7 
use to denote the metric elements of ten dimensional IIA configurations. 



becomes off-diagonal. If compactification is done along these six isometric directions, 
the compactification space would be a torus with non-trivial complex structure. 

To get a static configuration, i.e., to remove g2t in ( |4.4| ), I perform T-duality along 
y2 (a technique used in [173). The maps for the T-duality transformations relating 



II A and IIB configurations were given in [99|. The IIB configuration after T-dualizing 
( W^ along 1/2 is: 



ds^jjs = f^^F^ [ - f-^FK-^ (de + Adtdyi) + (1 - f-^FK-^)dyl + K'^dy, 
+ /"^ {dyl + dyl + dyfj + Fdy^^ + dxsdx% 



Bl, = -K-\ = AK-\ 



Ajt = F, = AF, 



Au7^ = P{l~cose), Au7t = AFK-\ (4.5) 

The B'' are NS-NS two form fields, and are Ramond-Ramond two forms and 

four forms for two and four subscripts, respectively. 

With q = 0, the above configuration describes a non-threshold bound state of a 
fundamental (winding) string, a D-string, and a D-3-brane. All are orthogonal to 
each other, i.e.,lfs + Id + 3d- When q is turned on, a gravitational wave begins 
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to propagate orthogonally to the strings and the D-3-brane. Another D-3-brane 
orthogonal to the initial D-3-brane also gets built up. Note that in this configuration, 
the metric is actually diagonal (except Ju Q, the gravitational wave). We also see 
that the four dimensional 'fifth charge' described in Section (4.2) is now carried by 
the ten dimensional gravitational wave for non-zero q. 

The IIB configuration ( [4.5|) is still non-static, i.e., it contains Ju (because of gi2 in 
( [4.4|) ). I perform a second T-duality transformation along yi and obtain the following 
static IIA configuration: 

ds]iA = f'^F^[ - f-^FK-\l + W)dt'^ + WA-'^Kdyf-2WA-^dyidy2 

+ K-\l + W)dyl + r\dyl + dyl + dyl) + Fdy^^ + dxsdx% 

Aj = AF, Bl^ = WA-\ = -K-\l + W), 

A,n = F{l-W), A27t = AFK~\1 + W), ^27^ = -P(l - cos^), (4.6) 
where 

W = . (4.7) 

fF-^KA-^-1 ^ ' 

When q = 0, this configuration describes a bound state of a D-2-brane orthogonally 

intersecting a D-4-brane, with a fundamental string winding orthogonally to them, 
use Jij to denote ten dimensional metric elements of type IIB configurations. 
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i.e., 2d _L 4:d + If^. When q is turned on, the space of the isometries i/iS gets a non- 
trivial complex structure, and the D-2-brane and the fundamental string are tilted. 



I now study the singularity structure of the static configuration ( [4.61) . In order 
to have good behavior for /, K and A, I assume Qi, Q2, P and q to be positive. 
Both eigenvalues of the 2x2 symmetric matrix with elements: {gu, gi2, 922) have to 
be positive in order to have the right signature for the ten dimensional configuration. 
That is equivalent to requiring W > 0. It is true for all values of P only when 
Q1Q2 > <f- Take r <^ q <^ Qi,Q2,P, I have W > only for finite value of r, i.e., 
r > ^Q^Q^_q2^ ■ Therefore, the configuration ( [4.6| ) is non-singular only when P = 0, 
with Q1Q2 > q^- With a non-zero P, the configuration is singular at the origin. Such 
a singularity structure agrees with the NS-NS configuration considered in , which 
is the same as (|4.1|) with a monopole supported on yi. 



As the NS-NS two form field associated with the fundamental string has two 
components Bn and B2t, the fundamental string lies at an angle on the yi — y2 
"plane" . Similarly, one of the two dimensions on which the D-2-brane is situated lies 
at an angle on yi — y2 "plane" , as it has two components Am and ^274. The D-2-brane 
is also parallel to yj. The D-4-brane is parallel to the (1456)th y-directions, just like 
the case with g = 0. Therefore both the fundamental string and the D-2-brane lie 
partially on the D-4-brane, as the corresponding fields have components parallel to 
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the D-4-brane . There is also the field carried by the D-O-brane with the component 
Aj. It carries the charge q, as ^7 — ^ asymptotically. On top of these configurations, 
the y-space has an off-diagonal metric. 

The two dimensional off-diagonal metric describing the subspace {1/1,112} of the 
space of isometric directions {yi,i = 1,2,4, ...,7} can always be diagonalized by an 
element of GL{2, R). However, only under a few circumstances can it be diagonalized 
by a simple rotation (an element of S0{2) C GL{2, R)) on the yi — y2 plane, implying 
that the metric describing the isometric directions yi in ( [4.6|) is only a metric for a 
fiat six-torus, with a rotation on the orthogonal axis yi and ?/2- These circumstances 
include: (i) P = 0, (ii) Q2 = 0, (iii) Qi = 0, (iv) r ^ 00, and terms of order (^)^ is 
neglected where Q is equal to any one of the charges. The cases (i) to (iii) corresponds 
to configurations preserving ^ of supersymmetry. In these four cases, the metric ( |4.(j| ) 
can be written as: 



ds]jA = f'^F^[ - f-^FK-\l + W)dt^ + WA~^r~\Rldyl + Rldyl) 

+ r\dyl + dyl + dyl) + Fdy^T + dxsdx% (4.8) 



where 



RI2 = \Hr + Qi) + (r + P)(r + Q2) T v^], (4.9) 



^^The D-2-brane does not intersect the D-4-brane at an angle in the sense that they do not share 
a common direction. 
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where 



A ^ r^{[P - Qi + (1 + ^)Q2f + q\2 + ^ f}. (4.10) 



and 



where 



Hi = Hi cos a + y2 sin a, 



^2 = sin a + 1/2 cos a, (4.11) 



2r + P , , 

sin2a = g — (4.12) 
V A 



Note that in the two cases (i) and (iv), i.e., the cases when P = and r — > oo, the 
angle a is a constant independent of r. However, in case (ii) and (iii), i.e., Q2 = ^ 
and Qi = 0, a depends on r. Therefore we need to rotate the 1/1,1/2 axis at different 
angles with different r in cases (ii) and (iii) in order to bring the off-diagonal metric 
( [4.6| ) to the diagonal form ([4.8| ). In all four cases (case (i) to case (iv)), the angle 
between the fundamental string and the yi axis is equal to a — 9%, where 

_ _2(r + P)(.r + g.) 

^ g(2r + P) ^ ^ 



The right hand side is the ratio of 821 and Bn given in ( ^4.6| ). Similarly, the angle 
between the D-2-brane and the yi axis 9a is equal to a — 9% where 

,,,po _ g(r + P)(r + g2)(2r + P) 

A 2r(r + P)(r + g2)(r + gi)-g2(2r + P)2 ^ 
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which is the ratio of ^274 to Ant. Finally, the angle between the solitonic 5-brane 
and the yi axis is a, given by ( [4.12| ). 



From ( [4 .131) and (|4.14|) , we see that the D-2-brane and the fundamental string in 



general are not orthogonal to each other, even though the metric of the corresponding 



configuration has a diagonal form ( ^4.8|) . In particular, 6^ — Oa = \ + 0{q) when q 
is small. The deviation from orthogonality depends on all the charges of the corre- 
sponding configuration, as well as r. Note that the angles 63 and 6a were defined as 
the ratio of the y2 components of the fields to that of the yi components. As r — > 00, 
i.e., case (iv), ( ^I6| ) describes a D-2-brane lying orthogonally to a fundamental string. 
The D-2-brane inclines at angle a to the solitonic 5-brane, and is bounded with a 
D-O-brane. 

As remarked in Section II, the four dimensional 'fifth' charge associated with gi2 
in ( [4.1|) has no obvious ten dimensional origin in the NS-NS configuration ( f4.1|) . Here 



we see from the configuration ( [4.6[ ) that the ten dimensional Ramond-Ramond vector 
field, with a component A-j which approaches ^ asymptotically, is the carrier of that 
charge. 



4.3.2 Reduction along yi 

I obtain another interesting configuration by starting with the reduction of ( ^.3| ) along 
yi. From the 11 dimensional perspective, yi is the isometric direction orthogonal to 
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both the M-2-brane and the M-5-brane The resulting IIA configuration is: 



dsjjA = fF^[r^F{2dtdy, + {K-A^r^F)dyl 

+ /"^ (dyl + dyl + dyl + dyfj + Fdy^ + rfx^rfx^ 



fF- 



2 



A2 = Af-'F, A27t = F (4.15) 

This configuration is not static, as the metric contains a non-zero g2t- As g — > 0, the 
configuration becomes that of describing a D-2-brane intersecting a sohtonic 5-brane 
orthogonally, with a gravitational wave running along the intersection, i.e., 20 ± 

55+ !• 

I obtain a static type IIB configuration by T-dualizing ( [4.15| ) along ?/2- The 
configuration is: 



ds^jjs = fF^ [ - WA-^dt^ + WA-^F-^dyl + WA-^dy2dy7 + F(l + 
+ r^{dyl + dyl + dyl + dyl) + dxsdx% 



^^In p9|, j/i is the direction supporting a magnetic monopole in ten dimensions. 
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X = -Af-'F, < = P(l-cos^), 



A2t = -A-^W, An = F{l-W), A^n^ = WA'^P {1 - cos 6), (4.16) 

where W has been defined in ( [4 .71) . If g = 0, the configuration describes a fundamental 
string lying within a solitonic 5-brane, with a D- string lying orthogonally to the 5- 
brane. 

The metric describing the off-diagonal part of the metric in ([4.16|) contains the 



elements {J221 J27, Jn)- This 2x2 metric is equivalent to that in ( [4 .61) if we map 
(Qi,Q2,g) in (H) to (Q2,<5i,g/2) in (^A6D (The condition W > also implies that 
the other metric elements cause no problem with the singularity structure, e.g., Ju < 
given W > 0). Consequently, it has a similar singularity structure with that of ( |4.6|) . 



For non-zero P, it is regular only when 4:QiQ2 > and r > i6(QiQ^-g2) assuming 
r q Qi,Q2, P (regular in the sense that the metric has the right signature). If 
P = 0, the only condition required is Q1Q2 > q^- 

The configuration ([4.16|) describes a fundamental string and a D-string both lying 



at an angle to the solitonic 5-brane, and bounded with a D-instanton. As the fields 
corresponding to the fundamental string and the D-string, i.e., the NS-NS two form 
and the Ramond-Ramond two form fields, have components parallel to the 5-brane 
(the B2t and A2t respectively), I say that the two strings lie partially in the 5-brane. 
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The configuration also contains a D-instanton carrying the charge from the Ramond- 
Ramond scalar. 

Like the configuration (|4.6| ), the two dimensional off-diagonal metric with elements 



{J22, J27, Jn) in ( |4.16| ) is equivalent to a diagonal metric of a flat torus after a rotation 
in the 1/2 — yj plane in the special cases of (i) P = 0, (ii) Q2 = 0, (iii) Qi = 0, (iv) 
r ^ 00, and terms of order (^)^ are neglected where Q is equal to any one of the 
charges. The angle of the rotation and the two radius of the torus are given by ( [4.9| )- 
( CT ) with the mapping iQuQ2,q) in (|]B|) to (Q2,<3i,g/2) in (|]T§. The angle 



between the NS-NS two form field (which is carried by the fundamental string) and 
the rotated 1/2 axis is 6b = a — 6% with 

tan^B = ^?^. (4.17) 

Similarly, the angle between the Ramond-Ramond two form field (carried by the 
D-string) and the rotated y2 axis is 9^ = a — 9\ with 

tan.^^4^-^(^±^M^. (4.18) 
^ r{r + Q2) q{2r + P) ^ ' 

Just like the case studied in the previous section IIIA, we see that the D-l-brane 

and the fundamental string in general are not orthogonal to each other, even though 

the metric of the corresponding configuration has a diagonal form. In particular, 

9b~9a = f + C^(q') when q is small. The deviation from orthogonality depends on all 
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the charges of the corresponding configuration, as well as r. Again, it is important 
to note that the angles 9b and 9a were defined as the ratio of the yj components 



of the fields to that of the ?/2 components. As r — oo, ( |4.6| ) describes a D-l-brane 
lying orthogonally to a fundamental string. The D-string inclines at angle a to the 
solitonic 5-brane, and is bounded with a D-instanton. 



The charge of the four dimensional configuration obtained by reducing ( [4.1| ) as- 



sociated with the ten dimensional off-diagonal metric gi2 has a clear ten dimensional 
origin in the static configuration (|4.16|) . It is the charge carried by the D-instanton. 



4.4 Conclusion and Comments 

I have studied two static ten dimensional configurations for type II superstring the- 
ories with an off-diagonal metric. I started with the off-diagonal ten-dimensional 



metric from without the monopole. The charge associated with the off-diagonal 
element had been shown not to be related to other charges of the configuration by 
any symmetry after reduction on a six-torus. All charges of that configuration have 
Neveu-Schwarz Neveu-Schwarz origin. I uplifted that ten dimensional configuration 
to eleven dimensions, then reduced the eleven dimensional configuration along two 
different directions. Finally, I performed T-duality transformations to make the two 
ten-dimensional configurations static. I assumed all fields and metric elements only 
depend on three non-compact space-like directions. 
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The first configuration belonged to the type IIA superstring theory. It described 
a non-threshold bound state of the D-O-brane, the D-2-brane, the D-4-brane, and 
the fundamental string. I assumed that the extended objects located precisely along 
the fields they carried. As part of the field carried by the D-2-brane lies along the 
D-4-branc, I defined that the D-2-brane lies partially along the D-4-brane. Similarly, 
the fundamental string also lies partially along the D-4-brane. The fundamental 
string in general was not orthogonal to the D-2-brane. In addition, the metric of the 
isometrics has a non-trivial complex structure due to an off-diagonal metric element. 
The configuration have the right signature (— only when the radial distance 
r is larger than certain finite value when the magnetic charge carried by the D-4-brane 
was non-zero. 

The second configuration belonged to the type IIB superstring theory. It described 
a non-threshold bound state of the D-instanton, the D-string, the fundamental string, 
and the solitonic 5-brane. The strings were partially on the 5-brane in the sense 
defined above. The strings were in general not orthogonal to each other. The metric 
contained an off-diagonal element, and has the right signature only for finite values 
of r when the magnetic charge carried by the solitonic 5-brane is non-zero 

Removing the magnetic objects, i.e., the D-4-brane in the first configuration and 
the solitonic 5-brane in the second configuration, made the signature of the two 
metrics in the configurations right for all values of r (as long as the off-diagonal metric 
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element is not very large, i.e. Q1Q2 > <f)- The two dimensional metric containing 
the off-diagonal metric element could be diagonalized by a simple rotation in the 
following cases: (i) the magnetic charges are zero, i.e, P = 0, no M-5-brane to start 
with, (ii) no gravitational waves at the beginning, i.e., Qi = 0, (iii) no M-2-brane at 
the beginning, i.e., Q2 = 0. The two dimensional metric in these cases became that 
of a flat two torus. However, the two electric objects in each case did not intersect 
orthogonally. The angle between the D-2-brane and the fundamental string in the 
first configuration and the angle between the D-string and the fundamental string 
in the second configuration both depended on all the charges in the corresponding 
configuration, as well as the radial distance. Here I defined the directions of the string 
objects to be the directions of the corresponding fields. Only when the off-diagonal 
metric element vanished, e.g., q = 0, could the two angles be equal to |. 

The two dimensional off-diagonal metric in each case could also be diagonalized 
by a simple rotation as r — 00. In such a limit, the two electric objects in each 
configuration did intersect orthogonally. These electric objects, however, are still 
partially parallel to the magnetic objects in the two configurations. 

A few remarks seem appropriate here. In principle, one expects to get a third 
configuration by reducing ( [4.3| ) along 7/2 ? the intersection of the two M-branes in eleven 
dimensions. Such a reduction does lead to a static configuration with a diagonal 
metric right away, without any T-duality transformations. However, the resulting 
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configuration has gu = 0, i.e., the time-time component of the metric vanishes. Also, 
the Neveu-Schwarz Neveu-Schwarz configuration ( |4.1| ) cannot be made static by T- 
duahty transformations as both g2t and Sf^ are non-zero, i.e., the gravitational wave 
propagates along the (winding) fundamental string. Therefore, the two configurations 
(4.6) and ( 4.16|) are the only static configurations one can have starting from (|4.1|) . 



I have ignored the ten dimensional monopole in this paper totally, even though 
it was included in In fact, the monopole can make the configurations with the 
magnetic objects (the D-4-brane and solitonic 5-brane) regular. I did not include a 
monopole in this study because it would make the configurations much more compli- 
cated. More importantly, it leads to metric elements of the form g^t where x is one 
of the non-compact dimensions. Therefore I would not have static configurations if I 
started with an eleven dimensional monopole. I do not need the monopole in showing 
the importance of the off-diagonal metric elements. 



The two configurations ([4.6| ) and (|4.16| ) in general preserve | of the supersymme- 



try. The configuration ( [4. 1|) preserves | of the ten dimensional = 1 supersymmetry 



of the heterotic string The configuration without the magnetic monopole pre- 



serves the same amount of supersymmetry [55 . The explicit embedding of the = 4 



supersymmetry in the toroidally compactified heterotic string into the N = 8 super- 
symmetry of the toroidally compactified type IIA superstring was explicitly done in 
. From there, with the fact that T-duality transformations preserve supersymme- 
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try, I conclude that the configurations studied in this chapter preserve | of the N — 2 
supersymmetry of type II superstrings in ten dimensions. 



Chapter 5 



Constant threshold correction to dilatonic electric black holes 
5.1 Introduction and Sumniciry 

In chapters 2 to 4, I have been investigating the non-perturbative aspects of string 
theories by studying the BPS states. My last two chapters wiU be on some phe- 
nomenological aspects of the non-perturbative behavior of string theories. 

In this chapter, I report on my investigation of the effect of a constant threshold 
correction to a general non-extreme, static, spherically symmetric, electrically charged 
black hole solution of the dilatonic Einstein- Maxwell Lagrangian, with an arbitrary 
coupling P between the electromagnetic tensor and the dilaton field. 

A dilaton, i.e., a scalar field without self-interactions, arises naturally in basic 
theories that unify gravity with other interactions, including certain supergravity 
theories, and effective theories from superstrings. In general, it couples to the gauge 
field kinetic energy as well as to the matter potential. It is therefore of interest to 
address dilatonic topological configurations in such theories. The dilatonic charged 
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black hole solutions without threshold correction are known ||100|| ||101|| . The presence 
of the coupling between the dilaton and the electromagnetic tensor produces black 
hole solutions drastically different from the Reissner-Nordstrom solutions. 

In addition to the dilaton, there are moduli fields which are generically present in 
string theories. They are stringy modes in a vacuum associated with compactification 
of the extra dimensions. In general, they act as threshold corrections to the scalar 
function that couples to the gauge field kinetic energy |102| - |104||. Such scalar 



functions determine the strength of the effective gauge coupling constant. 

Effects of stringy threshold corrections on charged spherically symmetric dilatonic 



configurations without gravity have been studied in [ 105 |. The present work is to gen- 
eralize the study to charged black hole configurations, i.e., by including gravitational 
effects. 

I found that for a small coupling, i.e., up to first order in /3, an exact analytical 
solution can be obtained. For an arbitrary /5, a closed form solution, up to first order 
in the constant threshold correction, of the metric and the dilaton are presented. In 
the extremal limit, the closed form solution is reduced to an exact analytical form. 



103 

5.2 The form of the threshold correction 

The most general bosonic Lagrangian for the dilatonic Einstein-Maxwell theory with 
just one moduli field is of the following form: 

C = J d^xV^g [-R + 25^09^0 + 2d^^d^'^ + ^)F^ - ^)] , (5.1) 

where is the electromagentic tensor field strength, and (p, (p are the dilaton field 
and the moduli field, respectively. The potential V^(0, ^) is expected to be non- 
perturbative as both the dilaton and the moduli field are fiat directions of string 
theories when studied in terms of perturbation theory. 

As a first step, I assume that the threshold correction can be approximated by 
a small constant, c. Therefore, I neglect the kinetic term of y?, and take the gauge 
coupling function as 

/(0,^) = e-2^<^ + c, (5.2) 

where j3 is an arbitrary parameter [|. In the compactified supergravity models as- 
sociated with the low-energy limit of superstring theories, there are several different 
consistent truncations which give the dilatonic Einstein-Maxwell Lagrangian (of the 
form (|5.1| ), but without V, c, and Lp) with /9 = 0, 1, and ||61|]. Here, 1 work 



with an arbitrary /?, and so include more general supergravity theories. Furthermore, 
I will neglect the potential, V , and the terms with higher order derivatives. I assume 



^In [106 1, an analytical solution with (3—1 and a running moduli field, which is subject to a 



specific relation with the dilaton field, was obtained. 
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that the size of the black hole is much bigger than the Planck length 0. 
Therefore I work on the Lagrangian 



C = J (fx^/^g [-R + 25^,09^0 + , (5.3) 



with / taken from 

I will study the electrically charged solution only, as I would like to work on 
situations in which the threshold corrections can always be treated perturbatively. 
For the electrically charged solution, 0(r) — oo as r ^ a, where a is the (inner) 
horizon, when the threshold correction is totally neglected. So I expect that / is 
dominated by e~'^^'^ for all values of r even when the small threshold correction is 
taken into account, and I can approximate the exact solution with a perturbation 
series in c 0. On the contrary, 0(r) ^ oo as r — a in a magnetically charged solution 
when the threshold correction is neglected. Therefore, / is expected to be dominated 
by the threshold correction as r approaches the horizon when c is non-zero, and the 
perturbation in c would not be justified. 

It is more convenient to work on a gauge coupling function which is normalized 



to unity as r — oo. Therefore, instead of taking / from (5^), I work with / = /at, 
with 



^Higher order corrections, i.e., the a' correction, is considered in |107|. 

•^I set the asymptotic value of the dilaton to unity to simpUfy the formulae. 
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fN{<P) ^ . (5.4) 



I shall first solve the Euler-Lagrange equations from the Lagrangian ( |5.3| ), but with 
the gauge coupling function, f = defined in (|5^). Then, I identify the charge of 
the electromagnetic field, Qc, as: 



= QoVl + c, (5.5) 



where Qo is the charge when c = 0, to get the solution of the Lagrangian ( |5.3| ) with 
the gauge coupling function, / given by (p.2|). 

5.3 Perturbed black holes 

I take a static, spherically symmetric ansatz for the metric: 

ds^ = -\\r)dt' + \-\r)dr^ + R^{r)dn. (5.6) 

The dilaton depends on r only from spherical symmetry. The electromagnetic tensor 
for an electric solution is: 

As /jv is normalized, and I expect i?^ asymptotically, so Qc is the physical 

electric charge of the solution. That is the advantage of taking / = /at, instead of 
taking / from ( |5.2|) directly. The equations of motion are 

\^R^ = r'^{\-ax){\-x), (5.8) 
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(1 - x)(l - ax) [(1 - x){l - ax)ip'] = 2(1 + c) 



Q2 Ze(i+^')^ 



(5.9) 



Z' 

[1 — x){l — ax) — 

Zj 



a2 (l + ce/5V)2' 
ce<^^^\{l-x){\-ax)^'\ , (5.10) 



where 



Z = A'e"^, 



(5.11) 
(5.12) 



and X = ^, a = a = r^, where r_,r+ are respectively the inner and outer 
horizon. Note that (p in the above equations are not the moduh fields mentioned at 
the beginning of this paper. Here (p is defined in ( p.llj ). 

For small /3, i.e., when is ignored, the equations i f).9\j and ( ^.10| ) are exactly 
solvable. 



= (1 — x)(l — ax), 



1 + c 

.,2 _ 



a 



ln(l — x) 



(5.13) 
(5.14) 
(5.15) 



With given by ( |5.5|) , the above is the solution of the Lagrangian (|5.3| ) with the 
gauge coupling function / given by ( ^.2|) . The mass of the black hole is: M = j^Qc- 
The inner horizon r_ is given by: r_ = a = and the outer horizon ,r+, is given 
by: r+ = ar_. 

Therefore the mass of the black hole increases and the horizons are pushed outward 



when the threshold correction is taken into account. In the limit as /? ^ with 
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arbitrary c, I recover the expected Reissner-Nordstrom solution with a vanishing 
dilaton, as required by the no-hair theorem. It should be noted that as long as (3 
is non-zero, the singularity is still at the inner horizon {i.e.,r = r_). The dilaton 
diverg — > 1 no matter how big c is, in spite of the fact that the metric A has 
the same form as the Reissner-Nordstrom metric. That is because I have neglected 
the terms with the order of 

I now consider the case when (3"^ can be arbitrary. I use first order perturbation 
theory in c to study the change of the metric and the dilaton by the constant threshold 
correction. 

I expand the metric Z and the scaled dilaton around c = up to 1st order 

ip = iPo + api, (5.16) 

Z = Zo + cZi, (5.17) 
X^ = Xl + c\l, (5.18) 



From the zeroth order equations of ( |0| ) and ( |5.10D , and use ( p. 121 ) to relate Zo 
to Ag, I get the expected GHS solution 

Xl = {l-ax){l-x)^, (5.19) 



e^<f>o = (I - , (5.20) 



2/3 



a' = i(l + /3')Q^ (5.21) 
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Q = Qo- 



(5.22) 



Note that as I work on the first order corrections for the metric and the dilaton 
in the following, I do not consider the dependence on c of the electric charge, Qc, as 
explained in previous paragraphs. After I have gotten the solutions, I 'reinsert' the 



c-dependence of Qc from ( ^.5|) . From (|5.10|) , the first order correction of Z is: 

2/3^ 



Zlix) 



KAl — ax) 1 — ax 
m ■ 



2a(l — ax) 



dy 



1 - ay 



(5.23) 



(l-a)(l-a;) l-x (1 + 3/32)(l - a;) 7o 
One of the two integration constants expected from the 2nd order linear differential 

equation (|5.1CI| ) has been fixed by requiring that Zi ^ as x ^ 0. Such a boundary 

condition is equivalent to requiring both ^ and — > asymtotically. In fact, 

from (|5:T2|) , and (|5T7D , dOBI) , I find 



Zi = e-^° (\l - ipiXt) . (5.24) 

To fix i^i, I require that as x — ^, converges (though both Aq and Ai vanish at 
the horizons), which should be reasonable for perturbation theory to be applicable. 
So I get 

The first order equation from ( ^.9|) is 



2ax — 1 — a 



2a 



(l-a;)(l-aa;)'^' {1 - x){l - ax) 



ifi = R{x) 



(5.26) 



where 



R{x) 



2a 



[1 + (3^){1 - ax)^ 



Zi - 2c(l - ax){l - x)^ + 



Sl^ 1- ax 



1 — a; 



(5.27) 
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This equation has the closed form solution 



where ip'^ are solutions of the homogeneous equation, given by 



ip'^x) = -(1 + a - 2ax), 



(5.28) 



6 



(1-a) 



2{a-l) + {l + a-2ax) In 



1 — ax 



(5.29) 
(5.30) 



a(l — x) 

They have been normalized so that as a ^ 1, they reduce to the forms: 1 — x and 
1/(1 — x)^. The particular solution is 



1 + /32' 



(5.31) 



where 



2a 



3{l + /3') 



V\{x) l dy(%)^^(y)) + (^^(x) I dy {h{y)^1{y)) 
Zi{x) - 2c(l - ax){l - x)^ 



h{x) = i- ^ 



ax 



, (5.32) 
(5.33) 



Requiring ip{x — > 0) — > relate and K4 as 



12 



(l-a)3(l + a) 



[(1 + a)lna - 2(a - 1)] + 



(l + a)(l + /?2)' 



(5.34) 



As X = Ms equivalent to r = aa, which is a horizon, but not a singularity, I expect 
(pi, like (fo, does not diverge there. This fixes K4 as 



—a 



3(l + /32) Jo 



dx{l + a — 2ax) 



1 — V 2/3^,. 

^Zi(i/)-2(l-y)TT^ 



1 - ay 



(5.35) 
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So I have obtained the first order correction in c of the dilaton from ( |5.28| ) to ( |5.32| ), 
while the first order correction to the metric is from ( p.23| ) to ( [5.25| ). The inner 
horizon, a, is still given by ( p.21j ), but with Q = Qc, instead of Q = Qo in ( |5.22| ). 
The outer horizon is given by: 



ar_. 



In the extremal limit, i.e., a ^ 1, the above equations for Zi,(fi have exact 
analytical forms as follows: 



(l + /3^)(l-3/3^) 

They imply 



1 - (1 - x)^+0' 

I+/32 



2(3' 



;i + /52) (1-/52)^ 



/92(l + 3/?2) 



1 - - 1 



(5.36) 
(5.37) 



Xl = (1 -x)^ 



2/3' 



-X 



2(l + /?2 



(l+/52)(l-/?2) (1 + 3;52)(1_^2) 



1 - 1 - x)^ 



(5.38) 



In the limit of 0, the first order dilaton and metric from (|5.36|) , (|5.37| ), and 

( ^.38| ) agree with that obtained by expanding the metric and dilaton from (|5.13|) and 
( P^ ) with a^l. 



5.4 Comments 



It is well known that in the extremal (BPS) limit, the non-perturbative states satisfy 
a "no-force" condition and solutions with multiple BPS states are always possible. I 
shall show that the extremal perturbed black holes also satisfy this condition. 
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With the analytical forms ( |5.36| ) and ( |5.38| ), I find that the mass, M, of the black 
hole and the charge of the dilaton, are: 



M = a 



D = a 



1 ^ 
+ c- 



I + /52 ' (l + 3/?2)(l+/32) 

(3 (5 



(5.39) 
(5.40) 



;i + /52) (i + 3/?2)(i + ^2)_ 
respectively. Recall that the physical electric charge is given by Qc from (|5.5|) , and a is 
given by (|]2TD with Q = Q^. Up to first order in c, I find: Q1Q2- M1M2- D1D2 = 0, 



where Qi, Mi, and Di are the physical electric charge, mass, and dilatonic charge of 
an extremal electrically charged black hole labelled by i, respectively. Therefore the 
repulsive force between any two black holes exactly balances the attractive forces from 
gravity and that produced by the dilaton fields. Multi-black hole solutions are thus 



possible in the extremal limit, just like the case with no threshold correction ||101 |. 

Therefore, the dilatonic extremal black hole perturbed by a small constant thresh- 
old correction has its mass increased and its horizon pushed outward. Like the case 
without the threshold correction, the singularity surface coincides with the horizon, 
and so the black hole has zero entropy. 

A direction for further investigation is to include mo dull- dependence on the thresh- 
old correction, i.e., replace /((/), </?) as assumed in by a more general function with 
explicit (p dependence. 

I would also like to work on the magnetically charged black holes. The dilaton 
blows up to positive infinity at the origin in this case, making perturbation theory 
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impossible for the small r region. However, it also suggests that the space-time 
properties of a magnetic black hole near the origin is that of Reissner-Nordstrom 
black holes, as </?) is dominated by the threshold correction c. 



Chapter 6 



Phenomenology of a superpotential with non-trivial moduli dependence 



6.1 Introduction and Summary 

In this chapter, I shall report on a study of the phenomenological and cosmological 
implications of a specific superpotential in a four dimensional = 1 supergravity 
theory. Such a supergravity theory can be considered as a consistent truncation and 
compactification of a string theory, e.g., the Eg x Eg heterotic string compactified on 
a Z3 orbifold. 

Despite being the most promising candidate for the theory of unification, string 
theory(ies) suffers notable phenomenological and cosmological difficulties. On the 



phenomenological side |[108|| , we need mechanism(s) to break supersymmetry and lift 
the vacuum degeneracy {i.e., to fix the fiat directions as well as choosing the right 
compactification scheme). On the cosmological side, the most popular scenario for 
supersymmetry breaking, gaugino condensation, has at least two serious problems. 
Firstly, the dilaton potentials in general cannot give infiation. Secondly, there is 
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the cosmological moduli problem. It means that if the moduli {S and T) are fixed 
by the supersymmetry breaking mechanism, then the moduli acquire masses at the 
electroweak scale. Then they may either overdose the universe by being stable, or 
destroy nucleosynthesis with their late decay (they only have gravitational interactions 



with the observable sector) by being unstable ||109|| . I shall study the implications of 
a particular superpotential on these problems. 

The superpotential studied here depends on the dilaton S and also a moduli T 
which parametrizes the size of (a subspace of) the internal space of compactification. 
As both S and T are fiat directions in perturbative string theory, the superpotential 
is expected to arise from non-perturbative effects. This study is therefore an effort to 
further understand the non-perturbative behavior of string theories, in phenomeno- 
logical terms. 

I constrained the dependence of the superpotential on T by requiring the N = 1 
theory to respect T-duality P3| [|103||. The T-duality originates from the isometry 



of the compactification space. There is no fine tunning of any parameters in my 
superpotential. It is completely fixed by the symmetry expected from string theory. 

I made a detailed analysis of the scalar potential which depends on four variables: 
ReS, ReT, ImS and ImT. With the constraints imposed from symmetry, the analysis 
of the extremum can be confined to a function depending on two variables only. This 
investigation thus generalizes previous works |Q ||TTU[-|]TT2|. 
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The result of the study shows that with the chosen superpotential, a supersym- 
metric ground state with zero cosmological constant can be obtained without any 
fine tunning of parameters. It raises the possibihty of giving masses to the moduh 
fields from string theory in a supersymmetric vacuum, at a scale unrelated to the 
supersymmetry breaking scale. Also, the scalar potential vanishes for all values of S 
when T settles at the self-dual points, e.g., the vacuum degeneracy is only partially 
lifted. Any further non-perturbative effects that lift the flat S direction may lead to 
weak scale inflation suggested in [|113|| . Both flndings suggest possible solution to the 



cosmological moduli problem [|109|| . The mass of the moduli can be much larger than 
the weak scale, or the density of the moduli is diluted by a weak scale inflation arising 
from non-perturbative effect on the dilaton. 

In the case when T did not settle at the self-dual points, I numerically analysed 
the scalar potential and found that the potential had the runaway behavior common 
to many string theory inspired models. 

6.2 Motivation for the superpotential 

The superpotential I studied has the following form, 

W{S,T) = n{S)^, (6.1) 

7]{T) 

where ?7(T) is the the Dedekind function and H{T) is an arbitrary modular invariant 
function which in general is a rational function of the absolute modular invariant j{T) 
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103||. The function Q,{S) depends on the dilaton S only, I shall discuss its functional 



form latter. 



I took the Kahler potential to be the model independent tree-level form [p. 14 



K{S, S*, T, T*) = - \og{S + S*)-3 log(T + T*) (6.2) 

and neglect non-perturbative effects that might cause additional contributions to the 
Kahler potential. 

I shall discuss the motivation for choosing the superpotential W{S,T) as in ( |6.1| ) 
in this section. The dependence on S is not surprising. It represents the non- 
perturbative effect which stablilizes the dilaton and hopefully it gives the correct 
value for the unified gauge coupling constant, as the inverse square of the coupling is 
equal to the real part of S at tree level. A popular scenario for the non-perturbative 
effect is gaugino condensation. The fact that W depends on T as well as S deserves 
special attention. 



In |p.03|| , the T-dependence of the superpotential was constructed so as to repro- 
duce the expected singularities of the threshold correction, i.e., the one-loop contri- 
bution to the gauge couphng function. One of the reasons for the singularities is that 
as T — oo, which implies the radius of compactification becomes large, the Kaluza- 
Klein states (produced in compactification) become light. Therefore, the effective 
theory which was constructed by integrating out the 'massive' modes, gets contri- 
butions from these Kaluza-Klein states. These 'unexpected' light states produce a 
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linear divergence. Additional charged states which become massless at finite value 



of T causes logarithmic divergence. It was shown in [ p.03|| that superpotential of the 
form ( |6.1| ) reproduces these divergences. 

The dependence of the superpotential on T is also supported by the M-theory 
interpretation of the heterotic string theory. As described in Chapter 1, the strongly 
coupled Eg X Eg heterotic theory is equivalent to the eleven dimensional M-theory 
compactified on an interval 5*^/^2 Q . In [ |ll(j[ |, the effective scalar potential for 
gaugino condensation constructed from compactifying M-theory on M4 x X x /Z2 
was compared with that expected from the conventional approach which starts from 
the N = 1 four dimensional theory. The comparison indicated that the superpotential 
should depend on the moduli T as well as S. 

The superpotential W with the well-motivated form (|6.1| ) has been studied by var- 



ious authors with different choices for ^1{S) and H{T). In ||103|| , a large class of H was 
studied, though Q{S) is left arbitrary. With a fine tuning in a constant parameter, 
a supersymmetry-breaking minimum (assuming S field break supersymmetry) with 



zero cosmological constant can be obtained. In ||110|| , HiT) is set to be a constant. 
Resonable vacuum expectation values for S and T can be obtained with a negative 
cosmological constant. Specific gauge groups participating in the condensation mech- 



^The M-theory interpretation of the heterotic theory gives more support to the claim that gaugino 
condensation is the mechanism for supersymmetry breaking. The resuhing gaugino masses are 
comparable with the gravitino mass, thus avoiding the problem of small gaugino mass in perturbation 



theory |115| 
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anism were assumed. In ||111||, H was again set to be a constant. S-duality was 



assumed and by requiring that the potential received the same asymptotic form as 
that from the conventional gaugino condensation mechanism, a selection rule about 
the possible gauge group was found. Stabilization of the dilaton was achieved even 
with just one gauge group. The vacuum also had a negative cosmological constant. In 



112|| , both S- and T-duality were assumed. By fine tuning a constant, these dualities 
were broken. A vacuum with zero cosmological constant and reasonable values of the 
vev's of S and T were obtained. 

My study of the superpotential W{S,T) is a generalization of some of the above 
works, in that I study the variation of the potential depending on both S and T. 
Without any fine tuning, I found a supersymmetric vacuum with zero cosmological 
constant. 

6.3 The Superpotential 



I shall study the superpotential W{S,T) from (|6TT|), with 



/7(r)=j(T)(j(T)- 1728). (6.3) 



This form of T-dependence is motivated by ||117|| . I have assumed a symmetrical form 



of the superpotential with respect to the zero's of the j function ( H{T) with and 
(j — 1728)", share the same features for n >1). 

In addition to the motivation from ||103[ and [|117]|, there are other reasons to study 
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( |6.3D . Firstly, the superpotential is entirely generic with no fine tunning. Secondly, as 
H(T) from ( |6.3| ) has multiple zeros at self-dual points ( i.e., T = l,e*^ ), one might 
have a SUSY preserving vacuum with zero cosmological constant. Thirdly, dynamics 
of the 4 fields including ReS", ImS", ReT, ImT points to the possibility of having one 
field carries out infiation, while another carries out reheating. It may be possible for 
ImS* or ImT to be the source of natural infiation as they are always arguments of 



trigonometric functions [p.l8|| , while ReS* or ReT are the source of reheating. One can 



stabilize S-field with the same gaugino condensation mechanism proposed in ||110 
With H{T) from ( |6.3| ), the contribution from the T-sector in the scalar potential may 
help make a non-negative cosmological constant while stabilizing the dilaton. 
From ( |6.1D the scalar potential is: 



(6.4) 

with H(T) taken from (p]). I defined Sr = S + S% Tr = T + T*. 



6.3.1 With arbitrarily fixed T and T* 



With a fixed T and T*, the extremizing condition for the S field [ 103 is ^ = 0. This 



gives either 

s^n^ -n = o, (6.5) 
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or 



where 



Sr^n^s = Ee^'^n*, (6.6) 



rp 2 TTI o 2 

E = 2-^\— + —G2 I , (6.7) 
3 ' iJ 27r ' ' ^ ' 



and 



7 = aig{Sr^s — fi), (6.8) 



Condition ( |6.5| ) is equivalent to DgW = 0, z.e., SUSY is not broken by S under this 
condition. As V is real, and S is complex, each of the 2 conditions gives 2 equations 
in X ( = KeS ) and y ( = Iras' ). Because of the choice for H from ( |6.3| ), the 5* value 
that satisfies (|6.5|) is not always the minimum of V. For an explicit illustration, I 



assume a double gaugino condensation mechanism as described in ||110|| , and take 

Q{S) = Ae-""^ + Be-^^ (6.9) 
With this form for fl{S), I found that both ( |6.5|) and (|6.6| ) give the same y. 



y = (6.10) 

p — a 

where N is an odd integer. This y in fact always minimizes V along y direction. That 
can be seen by substituting (|6.9|), (|6.3|) into ( |6.4|) . 



V{x, y, T, T*) = Fix, T, T*) [Q(x, T, T*) + R{x, T, T*) cos ((/? - a)y)] (6.11) 
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where 



^2 

F{T,T*) = —e 



-2ax 





H{T) 1 


2 


rji 3 
1 f. 




6 



;i + 2/5a;)(l + 2ax) - E- 1 



(6.12) 



^e-(/3-«)-j [[i + 2(3xf - E-l) + {l + 2axf - E-l (6.13) 



(6.14) 



Therefore as long as 



R{x,T,T*) > 



(6.15) 



( |6.10| ) would give a y that minimize V. ( |6.15|) is easily satisfied if we have x,a,f3 ~ 
0(1), as is the case required to stabilize x reasonably. So 1 fix y from ( |6.10| ) hereafter. 

A few words about minimization in general seems appropriate here. In order that 
a specific point be a minimum of a certain function of two variables, the Hessian has 
to be negative, i.e., 

ixy - fxxfyy < (6.16) 



for a 2- variable function f(x,y), and fij = -q-tq^- In my case, with y fixed from 
( |6.1U| ), we have V^y = at any particular T and T* . We also know from the previous 
argument that y from ( |6.10|) minimizes V along the y direction. Therefore, whenever 



X satisfies the x equation from either ( |6.5|) or (|6.6| ), and that x makes > 0, then 



that X, with y from (|6.10|) would minimize V at that particular fixed T and T*. 
Therefore, I only need to check the sign of 
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The second derivatives at S , which satifies (|6.5[), is, 

\2 



E + 



{a + (3 + 2xa(3) -{l + a + (3 + 2xa(3) 
l + a + p + 2xaP - ^ 



(6.17) 



where P is a positive definite function, 
P(x,T, T*) 





H{T) 1 


2 


rp 3 
1 J. 




6 



2xA2e-2"" f T^-Al f 1 + a + /3 + 2xa/3 - l/4a;^ 
\1 + 2xp y ^ 



(6.18) 



RHS in (|6.17|) is obviously positive when E is smalL However, as E goes to negative 



infinity when T approaches the self-dual points from ( |6.7| ), becomes negative. 
So the S that satisfies ( |6.5| ) cannot always corresponds to a minimum of V. On the 
contrary, if I have assumed H to be a constant, ( |6.5| ) would always be the minimization 



condition [|11CI|| . 

The x-equations from (|6.5|) and ( |0|) are surprisingly simple. Let Xq and x^; be 
the x's that satisfy the 2 conditions, respectively. It is shown that 



and 



E 



(6.19) 



Bra-. — 

A 



13' 



(6.20) 



"T" 



As I -E" I approaches to infinity ( when T ^-^ self-dual points ), xe > xbe 



-1 A 



(6.21) 
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while for small | | ( actually 2 > > — oo from ), xe ^ xse 

-1 Aa^ 



^SE = ^^\og^ (6.22) 



It is interesting to note from (|6.20| ) that if x is sufficiently small, xe could also be 



given by (|6.21| ) even if | | is small. In fact, when | E' | is small, V has two maxima 
close to X BE and xse and a minimum at xq. With | i? |>| A | and j3 > a, one always 
has xbe < Xq < Xse- 

As a numerical example, I chose the group (non-simple) for gaugino condensation 

G = SU{N,)k,=i (g) SU{N2)k,=i (6.23) 

with (A''i, Ml) = (7,1), {N2, M2) = (8,7), where Mj is the number of flavors associated 
with the i th group. Following |TTg, I found {a, f3, A, B) = (11.8435, 13.9336, - 



0.0144438, -2.43852). I then have ( xbe,Xo,xse ) = ( 2.45397, 2.53047, 2.60949 ). It 
is important to note that all 3 values are reasonably close to the desirable value, i.e., 2, 
which would give an acceptable grand unified coupling constant. I found numerically 
that as T approaches to the self-dual point, the minimum of V shifts from xq to xbe, 
while the maximum shifts from xse to Xq. In other words, the S from condition (|6.5| ) 
changes from being the minimum of V to a saddle point as T i— e*i. 



6.3.2 With arbitrarily fixed S and S* 

I have been considering the scalar potential from ( |6.4| ) with a fixed T. Now I am going 
to consider V with a fixed S and S*. Without doing any derivatives, one learned that 
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the extremum of V lies on the boundary of the fundamental domain on the T -plane. 
As shown in ||103|, the fact that V respects SL{2, Z) which acts on T imphes that 



the extrema of V with respect to T must he on the boundary of the fundamental 
domain. Furthermore, since VH^ooasTi-^Ooroo( these two points are considered 
the same under SL{2, Z) ), I would only consider those T on the curve T = e*'^, with 
< V9 < In fact, superpotentials similar to ours have been proven to have this 
curve as the geodesies of the scalar potentials ||119|| (the lines with ImT fixed on the 



boundary of the fundamental domain are not considered, as V is expected to vary 
insignificantly along them). 



6.3.3 Reducing the number of variables 

Before looking into the physical content of the scalar potential, it is interesting to 
see how the 4-field dependence of V reduced. First 1 assumed y ( = ImS ) to be 



stabilized according to ( |6.10|) . Then with SL{2,Z), I reduced the dependence on T 
and T* to ip. Thus I have in effect reduced the independent variables from 4 to 2. A 
second look on conditions (|6.5|) and (|6.6| ) tells us that these extremal conditions of S 
are also invariant under transformation of T by SL{2, Z). If I write S as function of 



T and T* according to ( |6.5| ) or ( |6.6| ), whichever gives a smaller value of V, I can have 
as a (sectionally) SL{2, Z) invariant function of only one variable, ip. However I 
would prefer to take V as function of x ( = KeS ) and ip { or Nt ). It is simpler and 
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more illustrative. 

6.4 Cosmological implications of the scalar potential 

The most direct physical implication of the scalar potential V from ( |6.4|) is that it 
possesses a SUSY-preserved ground state with zero cosmological constant. Without 
specifying fi, and with the fact that j(T) has a triple zero at T = e*?, while (j(T) — 
1728) has a double zero at T = 1, I have from ( |6.3|) that, 

H{T =l,e'^) = 0, (6.24) 

H'{T = l,e'^) = 0. (6.25) 

Consequently, the scalar potential vanishes if T settles at the self-dual points. At these 
points, the potential lies at a minimum as well. Consider a small neighbourhood of 
any one of the self-dual points in T-space. The second term inside the curly bracket 
in ( |6.4|) becomes very large, as H' approaches zero slower than H near the self-dual 
points. Thus as long as the neighbourhood is not very big, e.g., small enough so that 
the second term is bigger than 3, then the curly bracket gives a positive number. 
Supersymmetry is broken if one of the auxilliary fields: 



= \W \e2^i^Ki + (6.26) 

has a non-zero vev, where i = S,T and the subscript means that a partial derivative 
is taken. Therefore ( |6.24D and ( |6.25| ) show that when T = 1, e*i, supersymmetry 



126 

is preserved ( by Both S and T ). As emphasized in [p.09||, in order to have a su- 



persymmetric ground state with vanishing cosmological constant, one has to solve 
n+1 equations for n unknowns, where n is the number of (complex scalar) fields in- 
volved, and that is a nongeneric condition. It is rather interesting that there is such 
a superpotential with a clear stringy origin. 

Like most scalar potentials from supergravity, the globle minimum of V could be 
negative. That does not keep us from further investigating the local minimum asso- 
ciated with self-dual points in T space. As shown in | |109|| , a zero energy ground state 



has a lifetime much longer that the age of the Universe for decaying into hypothetical 
negative energy states. 

Implications of such a SUSY preserving vacuum with zero cosmological constant 
were discussed extensively in [ [109|] . With such a SUSY vacuum, moduli can get 



masses which do not have to be related to the SUSY breaking scale, and so the 
moduli problem can possibly be avoided. My scalar potential from ( |6.4|) implies that 
S becomes a flat direction when T settles at the self-dual points. It implies that 
SUSY must be broken in the present Universe if all fiat directions are to be lifted up. 
The reason is the following. After T and T* have settled, the scalar potential which 
is generated by another non-perturbative mechanism for stabilizing S would get no 
help from the T fields. Therefore S cannot settle at a value that makes /i** from ( |6.26[ ) 



vanishes, otherwise that new scalar potential would settle at a vacuum with negative 
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cosmological constant, which the equations from cosmology dynamically reject. In 
short, stabilizing the flat S direction when T settles at the self-dual points implies 
that SUSY must be broken. Appearence of the fiat S direction suggests that this 
unconstrained S may serve as an infiaton for weak-scale inflation ||113|| f\ . 



Away from the self-dual points, the scalar potential has a global minimum at T = 
g0.2i5i gj^^ g satisfies ( |6.5|) , i.e., ReS = 2.53, ImS' = 1.50 x (odd integer) from (|6.1CI| ). 



Though ReS* was stabilized at a desirable value, h'^ at that global minimum vanishes. 
Therefore both S and T do not break supersymmetry. The corresponding vacuum 
also has a negative cosmological constant equal to -4 x 10"^*^ in Planckian units. 

Away from the global minimum and the self-dual points, I found numerically that 
the minimum of the potential at fixed T always occurs at a desirable value of S" ~ 2, 
and decreased as T approached the self-dual points. Once T reaches the self-dual 
points, S becomes a fiat direction. 



^The scalar potential is too steep to be the inflation potential. 



Chapter 7 



Conclusion and Outlook 

The non-perturbative behavior of string theories has always been important, both 
theoretically and phenomenologically. Recent progress has made us realize that the 
five superstring theories are actually non-perturbatively connected. Therefore we see 
a unique candidate for the theory of unification of particle physics and gravitation, 
the M-theory. 

This thesis reports on my efforts to further understand the non-perturbative as- 
pects of string theories. It contains two sections. The first section (Chapter 1 to 4) is 
a study on the non-perturbative Bogomol'nyi-Prasad-Sommerfield (BPS)-saturated 
states. It occupies the major part of the thesis. The second section (Chapter 5 to 
6) is a study on some phenomenological aspects of the non-perturbative behavior of 
string theories. In this last chapter of the thesis, I shall summarize the main results 
of my investigations and give an outlook to future directions. 
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7.1 BPS-saturated States 

I presented a review on the status and the theory behind the non-perturbative 
Bogomornyi-Prasad-Sommerfield (BPS)-saturated states in Chapter 1. My inves- 
tigations on BPS-saturated states went from Chapter 2 up to Chapter 4. 

A special class of four dimensional BPS-saturated states in the toroidally com- 



pactified heterotic string was studied in Chapter 2 |^. These BPS states are labelled 
by the charge vectors associated with the gauge fields of the compactified heterotic 
string. I identified the electrically charged BPS states which preserve | of iV = 4 
supersymmetries. They become massless along the hyper-surfaces of enhanced gauge 
symmetry of the two-torus moduli sub-space. As the mass spectrum of the BPS 
states is S-invariant, i.e., the same spectrum can be found in the strongly-coupled 
theory, the gauge symmetry enhancement at special points (or hyper-surfaces) of 
moduli space happens perturbatively as well as non-perturbatively when the theory 
is strongly-coupled. I also identified the dyonic BPS states which preserve ^ of N = 4 
supersymmetries. They become massless at two points with the maximal gauge sym- 
metry enhancement. It suggested the possibility of supersymmetry enhancement. 

The possibility of supersymmetry enhancement has to be studied in more detail. 
For the particular two-torus moduli subspace of the toroidally compactified heterotic 
string, there are four dyonic massless BPS states at the point T = U = 1, suggesting a 
supersymmetry enhancement from = 1 to = 5. At the point T = U = e*t, there 
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are 12 massless dyonic states, suggesting a supersymmetry enhancement from = 1 
to = 13. A four dimensional supergravity theory with A^ > 8 supersymmetries 
contains particles with spin greater than the spin of graviton (which is equal to two). 

To understand such a large increase of supersymmetry, I have studied the stability 
of the dyonic BPS states. From consideration of the mass formula alone, I found that 
the dyonic states are stable against decaying into pure electric and pure magnetic 
states when they are not on a specific hyper-surface in the moduli space. They 
are metastable along that specific hypersurface. Further study of stability would be 
required to address the question of supersymmetry enhancement. 

In Chapter 3, I presented a systematic study of four dimensional BPS-saturated 



states in the toroidally compactified type II string |^. The Killing spinor equa- 
tions were explicitly solved. These BPS-saturated states are four dimensional black 
holes. They correspond to orthogonally intersecting ten dimensional BPS-saturated 
states in the uncompactified theory, often with Kaluza-Klein monopoles. They are 
parametrized by four charges and preserve | of the N = 8 supersymmetries. 

I presented a set of simple relations between each charge of the black holes and the 
corresponding spinor constraint. This set of relations allows us to associate directly 
the pattern of supersymmetry breaking with the types of charges the black hole 
contains. 

The embedding of the A^ = 4 supersymmetries of the toroidally compactified het- 
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erotic string into the N — 8 supersymmetries of the type II superstring was exphcitly 
shown. I showed that the iV = 4 supersymmetries are embedded in such a way that 
both types of KiUing spinors with different chirahties from the ten dimensional point 
of view are involved, in contrast to the obvious guess that only spinors of certain ten 
dimensional chirality arc involved. 

The fact that there is no massless black hole in the type II theory was explained in 
terms of the amount of supersymmetries in the theory. Comparing with the heterotic 
N — 4 theory, which has massless black holes at points of symmetry enhancement in 
the corresponding moduli space, the N — 8 supersymmetries of the type II theory 
bring a new degree of freedom (77* = ±1) in the black hole configurations. That keeps 
the theory from having massless black holes. 

I presented the configurations with only Ramond-Ramond (R-R) charges, configu- 
rations with both Neveu-Schwarz-Neveu-Schwarz (NS-NS) and R-R charges, and also 
configurations with only NS-NS charges. I gave in detail the ten dimensional interpre- 
tations of these states. The R-R configurations are intersections of D-branes, while 
the configurations with both NS-NS and R-R charges are intersections of different 
BPS-saturated states in the string theory. 

While the calculation of five dimensional black hole entropy from stringy degrees 
of freedom is well-studied, it remains a challenge to calculate in detail the entropy 
of four dimensional black holes from string theory. The black holes with four R-R 
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charges have a non-zero area at the horizon in four dimensions. They correspond 
to orthogonal intersections of D-branes, which have simple and exact descriptions in 
conformal field theory. Therefore, they are candidates for detailed black hole entropy 
calculations. Three such configurations were studied in Chapter 3. The first one is 
the intersection of two D-2-brane and two D-4-branes, i.e., 2 ± 2 _L 4 _L 4. The other 
two are ± 4 ± 4 ± 4 and 2 ± 2 ± 2 C 6. 

Another direction for the investigation is to relax my working assumptions and 
find the most general generating solution for the four dimensional black hole solutions 
of the = 8 theory. The most general generating solution is parametrized by five 
independent charges, as expected from the symmetry argument. It is quite plausible 
that the only assumption I have to relax is the assumption of zero axion. 

The most general generating solution of the four dimensional BPS-saturated con- 
figurations for type II strings, which is parametrized by five independent NS-NS 
charges, has been found in |^ . In Chapter 4, I removed the Kaluza-Klein monopole 
of the five-charge configuration and obtained static four-charge BPS-saturated con- 
figurations in ten dimensions after performing duality transformations. The configu- 
rations correspond to non-orthogonal intersections of BPS-saturated states. One of 
the four charges parametrized the deviation from non-orthogonality. 

My first configuration describes the bound state of a D-4-brane, a D-2-brane, a 
fundamental string, and a D-O-brane of the type IIA string. The D-2-brane intersects 
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the fundamental string non-orthogonally on a plane with non-trivial complex struc- 
ture. They both have a component along the D-4-brane. The charge which signified 
a tilted torus in the NS-NS configuration studied in is the charge carried by the 
D-O-brane in my configuration. 

My second configuration describes the bound state of a fundamental string, a 
D-l-brane, a D-instanton (z.e.,D-(-l)-brane), and a solitonic five-brane of type IIB 
string. The fundamental string and the D-string intersect non-orthogonally on a plane 
with non-trivial complex structure. They both have a component along the solitonic 
five-brane. The D-instanton carries the charge which signifies the tilted torus in 



Upon removal of one further charge, the metrics of the three-parameter config- 
urations could be diagonalized by a 5*0(2) rotation on a plane in ten dimensions. 
However, by identifying the states as the sources of the gauge fields, the BPS- 
saturated configurations still composed of various EPS-saturated states intersecting 
non-orthogonally, even though the metrics are diagonal. 

The ten dimensional configurations I obtained in Chapter 4 are static, yet they 
are not the most general generating solutions. That is because I removed the mag- 
netic monopole at the beginning of the construction. I found that with the mag- 
netic monopole, no static configurations can be found. The configurations upon 
toroidal compactification become rotating black holes. My configurations with only 
four charges are at best the most general generating solution in five dimensions upon 
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compactifying the ten dimensional theory on a five torus. 

However, given that the five parameter solution studied in ||^ is the most general 
generating solution in four dimensions, it is still worthwhile to study the corresponding 
rotating black holes with the magnetic monopole in place. An even more challenging 
question is to find or disprove the existence of a static five parameter solution. Also, 
my configurations obtained in Chapter 4 always contain fundamental strings. It 
remains to check whether there exists configurations with only five independent R-R 
charges. 

7.2 A few aspects in the phenomenology of non-perturbative behavior 

My report on the study of BPS-saturated states ends at Chapter 4. Chapter 5 to 
6 describe my study on the phenomenological consequences of the non-perturbative 
effects of the moduli fields, which specify the compactification scale of the correspond- 
ing string theories. 

The moduli fields in string theories lie on fiat directions in perturbation theory, 
i.e., the ground state energy in perturbative string theories do not depend on the 
vacuum expectation values of these moduli fields. Non-perturbative effects arise as 
threshold correction and are expected to lift the degeneracy. 

The gauge coupling function, which is the coefficient of the kinetic terms of the 
gauge fields, depends on both the dilaton and moduli. Therefore it is affected by the 
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non-perturbative effects significantly. In Chapter 5, I took a step towards understand- 
ing the effect of threshold corrections to the electric dilatonic-Einstein-Maxwell black 
holes IHTI, which could be considered as a solution to a consistent truncation of the 



compactified string theory. As a first step, I approximated the threshold correction 
by a constant. 

The coupling (3 between the electromagnetic tensor and the dilaton field could be 
arbitrary. For a small /3, an exact analytical solution was obtained. For an arbitrary 
(3, a closed form solution, up to first order in the constant threshold correction, of 
the metric and the dilaton were presented. In the extremal limit, the closed form 
solution is reduced to an exact analytical form. I showed that the mass of an ex- 
tremal dilatonic black hole was increased, and its horizon was pushed outward by the 
threshold correction. Like the case with no threshold correction, the perturbed black 
holes exerted no force on each other. Therefore multi-black hole solution could be 
constructed. 

An immediate generalization of the work presented in Chapter 5 is to give the 
threshold correction a functional form depending on the moduli. The functional form 
can be constrained by T-duality. 

Another direction to be explored, perhaps even more interesting than the general- 
ization mentioned in the previous paragraph, is to investigate the effect of threshold 
corrections on magnetically charged dilatonic black holes. As the dilaton blows up 
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to positive infinity at the horizon in the theory without threshold corrections, a non- 
zero threshold correction may dominate the gauge coupling function near the horizon. 
Assuming higher order corrections (in a') are not significant in the region we are inter- 
ested in, the space-time structure near the horizon would become Reissner-Nordstrom 
type, which is very different from that of the dilaton black holes with no threshold 
correction. However, we also have to study the quantum corrections which increase 
with the blowing up dilaton near the horizon. 

I investigated the cosmological and phenomenological consequences of a non- 
perturbatively induced superpotential of a A*" = 1 supergravity theory in Chapter 
6. Such a supergravity theory could be a consistent truncation of a compactified 
string theory. The superpotential depends on both the dilaton and the moduli. I 
used symmetry expected from their string theory origin to constrain the functional 
form. In particular, I assumed that the superpotential respects T-duality (isometry 
of the compactification space). 

I carried out a detailed analysis, both analytically and numerically, on the scalar 
potential obtained from the superpotential which depends on two complex fields, the 
dilaton and the moduli. At the self-dual points of the moduli fields, the scalar poten- 
tial vanished, leading to a supersymmetric vacuum with zero cosmological constant. 
The dilaton field was a fiat direction with the moduli field at the self-dual points. 
These suggest possible solutions to the cosmological moduli problem. The mass of 
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the moduli can be obtained at a scale much larger than the weak scale, and the density 
of the moduli can be diluted by a weak scale inflation arising from non-perturbative 
effect on the dilaton. 

When the moduli field does not settle at the self-dual points, I have checked 
numerically that the minimum of the scalar potential at a fixed vev of T always 
occurs at a desirable value of the dilaton S ^ 2 (which is expected as the unification 
coupling constant), and decreased as T approached the self-dual points. Once T 
reaches the self-dual points, S becomes a flat direction. 

In order to study in detail the possibility of solving the cosmological moduli prob- 
lem with the scalar potential, we have to find the correct scale at which the scalar 
potential is induced non-perturbatively. Once the scale is obtained from cosmological 
consideration, i.e., it is tailored to avoid the cosmological moduli problem, one can 
work backward to study the possible non-perturbative mechanism responsible for the 
scalar potential. 
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